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ABSTRACT 


Flow  Induced  noise  generated  by  pressure  fluctuations 
in  a  turbulent  boundary  layer  is  studied  here  theoretically  with 
regard  to  its  acoustic  transmission  through  a  dome  to  a  trans¬ 
ducer  element  or  array.  Particular  attention  is  given  to  a  uni¬ 
layer  dome  in  the  form  of  a  finite  slab,  described  as  a  fluid 
but  serving  as  a  prototype  for  a  realizable  solid  slab.  A 
similar  dome  with  a  thin  outer  cover  having  nonvanishing  im¬ 
pedance  is  also  considered.  Likewise,  attention  is  given  to 
acoustic  modification  of  the  flow  noise  on  a  flush  element  due 
to  mobility  of  the  surrounding  baffle. 

To  demonstrate  clearly  what  properties  of  the  boundary- 
layer  pressure  fluctuations  are  essential,  high-  and  low  wavenumber 
ranges  are  distinguished  in  the  wavenumber  spectrum  of  pressure  at 
given  frequency,  the  former  range  corresponding  to  possible  gener¬ 
ation  by  a  convected  eddy  field.  By  various  approximations  and 
simplification  of  boundary  conditions,  the  contributions  of  these 
respective  ranges  to  the  frequency  spectrum  of  average  pressure  on 
a  dome- shielded  element  are  related  to  their  respective  contrib¬ 
utions  in  the  reference  case  of  an  element  flush-mounted  in  a 
rigid  plate.  The  high-wavenumber  component  in  the  flush  case  varies 

«3 

with  element  radius  as  Rq  »  whereas  the  low-wavenumber  component 
may  vary  more  as  R^^*  If  the  latter  component  predominates  in 
the  spectrum  at  given  frequency  for  a  large  flush  element,  it  pre¬ 
dominates  still  more  for  a  shielded  element.  The  high-wavenumber 
component  for  a  shielded  element  contains  a  part  that  is  indepen¬ 
dent  of  lateral  dome  size  (face  area)  when  this  is  large,  but  this 
part  is  highly  attenuated  by  the  dome  if  L  »  U^/<^,  where  L  is 
dome  thickness,  oo  angular  frequency,  and  asymptotic  flow  velo¬ 
city.  The  other  part  of  this  high-wavenumber  component  is  reduced  somewhat 
as  though  the  pressure  were  averaged  over  the  face  area  of  the 
dome  section.  On  assumption  that  the  wavenumber  spectrum  changes 
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little  In  the  pertinent  Interval  (In  accord  with  area  dependence  as 
for  a  flush  element) ,  the  low-wavenumber  component  Is  reduced 
rather  as  though  averaged  over  an  area  of  radius  given  roughly  by 
the  smaller  of  one- third  the  sound  wave  length  or  three  times  the 
dome  thickness  whenever  this  area  Is  larger  than  the  actual  area 
of  the  element.  With  reference  to  the  noise- to- signal  ratio  for 
an  array  of  elements,  though  a  thin  unllayer  dome  can  thus  be  very 
effective  against  the  hlgh-wavenumber  component  of  flow  noise.  It 
can  reduce  the  low-wavenumber  component  by  no  more  than  the  array 
factor,  or  by  not  as  much  If  L  <  D/5,  where  D  Is  the  element  spac¬ 
ing. 

In  the  case  of  a  dome  with  cover  having  Impedance,  the 
effect  of  flexural  resonances  of  the  dome-fluid  system  Is  studied. 
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PART  0 

INTRODUCTION  AND  SUMMARY 


0.1  Purpose  and  Context 

The  present  report  is  concerned  with  the  modification 
of  flow  noise  by  acoustic  means .  The  main  instance  treated  is  that 
of  transmission  of  flow  noise  to  a  transducer,  or  array  of  trans¬ 
ducers,  shielded  from  the  flow  by  a  dome.  A  secondary  instance  is 
that  of  a  transducer  flush-mounted  in  a  non-rigid  plate  bounding 
the  flow,  where  the  pressure  on  the  transducer  is  modified  by  the 
acoustic  field  excited  by  plate  vibration. 

Two  types  of  dome  are  considered.  The  first  is  a  fluid 
dome  or  sheath,  i.e.,  a  slab  of  fluid  separated  from  the  outside 
flow  by  an  impedanceless  membrane.  The  fluid  sheath  is  viewed  as 
a  conceptual  prototype  for  an  elastic  sheath  covering  an  array  of 
flush-mounted  tran  ducers.  The  second  type  of  dome  is  a  covered 
fluid  dome,  i.e.  a  fluid  dome  separated  from  the  flow  by  a  mem¬ 
brane  or  plate  hiving  appreciable  impedance. 

In  each  case  we  are  concerned  with  the  frequency  spectrum 
of  average  pressure  on  the  transducer  generated  by  pressure  fluc¬ 
tuations  in  the  turbulent  boundary  layer.  This  spectrum  is  to  be 
compared  with  that  for  a  transducer  flush-mounted  in  a  rigid  plate 
bounding  the  flow  (the  referent) . 

We  especially  wish  to  demonstrate  what  properties  of  the 
boundary- layer  pressure  fluctuations  are  essential  to  describe  the 
flow  noise  transmitted  to  a  dome-shielded  transducer.  In  this 
connection  we  distinguish  low-  and  high-wavenumber  components  in  the 
excitation  spectrum  and  show  that  the  corresponding  contributions 
to  the  dome- shielded  spectrum  are  related  to  the  excitation  com¬ 
ponents  and  the  dome  parameters  in  distinct  characteristic  ways. 

More  explicitly* in  some  contrast  to  previous  work  in  this 
area,  the  following  points  are  emphasized.  First,  the  transmission 
of  flow-induced  rclse  by  domes  and  modification  of  flow  noise  by 
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plate  vibration  depend  on  the  statistical  properties  of  the  boundary- 
layer  pressure  fluctuations  mainly  via  certain  gross  features  of 
the  wavenumber  spectrum  at  the  frequency  in  question.  They  de¬ 
pend  especially  on  the  spectral  density  of  the  exciting  pressure  in 

22  -2  1/2 

the  region  k  ^  /c  +  L  )  '  ,  where  L  is  the  dome  depth,  and  at 
the  wave  numbers  of  any  fairly  unattenuated  dome  resonances,  rela¬ 
tive  to  the  spectral  density  in  the  range  where  the  den¬ 

sity  is  greatest.  Second,  information  on  these  relative  magni¬ 
tudes  is  implied  by  the  observed  area  dependence  of  pressure  spectra 
for  flush-mounted  transducers,  but  the  observations  leave  apprec¬ 
iable  uncertainty,  and  a  supporting  theoretical  account  of  the 
region  of  low  wave  numbers  does  not  exist.  Assumption  of  any  ex¬ 
plicit  form  for  the  space-time  correlation  function  or  wavenumber 
spectrum  of  boundary- layer  pressure  fluctuations  in  models  for  the 
effects  in  question  has  no  reliable  basis  and  is  unnecessary.  Un¬ 
less  the  pertinent  gross  features  are  settled,  it  is  not  possible 
to  conclude  what  flow-noise  reduction  by  domes  is  theoretically 
possible. 

A  great  deal  of  this  report  pertains  to  contributions 
from  the  high-wavenumber  component  of  the  excitation:  pressure. 

The  treatment  of  the  nonresonant  contribution  from  lev  wave  num¬ 
bers  depends  less  on  the  explicit  dome  model,  and  this  contrib¬ 
ution  is  probably  the  more  important  one.  The  amount  of  attention 
devoted  to  the  former  contribution  resulted  from  a  theoretical 
prejudice  that  the  other,  low-wavenumber  portion  should  be  very 
small.  In  any  case,  the  actual  form  of  the  wavenvimber  spectrum  of 
boundary- layer  pressure  fluctuations  is  uncertain,  so  that  a  treat¬ 
ment  of  the  contribution  from  high  wavenumbers  is  not  impertinent. 

Considerable  discussion  of  the  properties  of  the  boundary- 
layer  pressure  fluctuations  is  given  in  the  following. 

The  model  dome  employed  here  is  closely  similar  to  the 
one  introduced  in  Ref.  2.  That  reference  is  concerned  with  much 
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Che  same  questions  as  this  roport.  In  the  classified  literature, 
we  note  Ref.  13.*  Similar  mo^iels  have  been  used  to  treat  the  prob¬ 
lem  of  *"~ansmisslon  and  radiation  by  plates  representing  a  fuselage 
and  excited  to  vibration  by  pressure  fluctuations  of  the  turbulent 
boundary  layer.  This  application  differs  from  the  sonar  application 
mainly  in  that  the  boisiding  fluids  are  air  which,  being  much  less 
dense  than  water,  yields  an  acoustic  impedance  that  may  be  treated 
as  small  in  certain  respects  in  the  coupled  plate- fluid  system 
(see  also  Ref.  2).  The  physical  quantities  ordinarily  computed 
or  measured  differ.  Nevertheless,  elements  of  the  approach  and  soma 
results  of  the  present  work  are  applicable  in  this  related  area. 

Among  the  pertinent  references,  including  some  experi¬ 
mental  work.  Refs.  5-12  are  mentioned  as  representative. 

0.2  Summary  Discussion  with  Conclusions 

In  this  section  we  summarize  remarks,  results,  and  con¬ 
clusions  of  this  report.  In  the  first  subsection  some  of  the  sali¬ 
ent  points  are  stated.  The  principal  relevant  sections  of  the  re¬ 
port  are  noted  in  the  heading  for  each  configuration. 

0.2.1  Salient  Points  in  Sumnary 

Fluid  dome  (no  cover  or  cover  with  negligible  Impedance, 
depth  L,  lateral  radius  a).  (Sec  0.2.3,  2.6.1) 

1.  Measured  average -pres sure  spectra  0_(‘w)  on  flush  ele- 

-2 

ments  of  radius  R^  suggest  an  area  dependence  ®  range 

ttU  /tw  «  R  <  R  for  some  R„.  In  a  range  where  such  dependence 
holds,  boundary- layer  pressure  components  with  wave  numbers 
k  <  2fRo^  conti  ibute  the  major  part  of  0-(‘w)  and  also  the  major 
part  of  the  average -pres sure  spectrvim 


*  Also  Ref.  16,  related  to  the  present  report. 

**  Likewise,  for  example,  the  regime  where  conditions  (0-24)  or 
(0-32)  below  hold  is  outside  that  of  interest. 
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0(0), -L)  on  a  doms-shlelded  element.  This  part  of  Q(o),-L),  say 

and  hence  the  total  spectrisa  Q(a),-L)  Itself,  has  a  magni¬ 
tude  roughly  equal  to  the  average-pressure  spectrum  for  a  flush 
element  of  radius  defined  by 

R"^  =  (l/4)(a>2/c2  +  1/2L^),  (0-1) 

(or  possibly  a  lower  spectnnn  if  Rg^  Rjjj) ,  where  the  radius  r^  of 

the  shielded  element  satisfies  r^  <  R^.  If  r  >  R  ,  Q  (o),-L)  is 

instead  rotighly  the  same  as  the  average-pressure  spectrum  Qg(o)) 

for  a  flush  element  of  the  same  radius,  r  .  The  correlation  area 

o  2 

of  the  pressure  field  at  the  shielded  element  is  ttR^. 

la.  If  0(0) ,*L)  is  in  fact  d:>iiinated  by  a  part  0.  having  these 
properties,  the  spectrum  of  flow-noise  pressure  averaged  over  the 
active  area  of  a  sheathed  array  of  elements,  and  hence  also  the 
nolse-to-slgnal  ratio  for  a  fixed  incident  signal,  are  reduced 
relative  to  the  value  for  a  flush  array  of  the  same  active  area 
at  least  by  the  array  factor  (active  area)/ (total  area)  (<!)]» 
provided  the  sheath  thickness  satisfies 

L  >  (l/5)D(l-TrD^/A2)'^/2,  (0-1.1) 

where  ^(=2Tfc/o))  is  the  sound  wave  length  at  the  frequency  in  ques¬ 
tion  and  D  is  the  center  spacing  of  array  elements.  The  noise-to- 
slgnal  ratio  is  not  appreciably  reduced  at  all  unless  the  less 
stringent  condition 


0.36r^(l-T2r2/>,2)-l/2 

is  met. 


(0-1,2) 


2.  The  bulk  of  the  excitation  spectrvim  presumably  neverthe¬ 
less  lies  in  the  convective  range  of  high  wave  numbers,  k 
This  range  contributes  to  the  spectrum  Q(a>,-L)  a  residual  part 
that  remains  when  the  lateral  dome  size  a  becomes  infinite  but  is 
very  small  for  I.  »  Also,  however,  it  contributes  to  Q  a 

part  that  varies  as  a”^  for  large  a  and  is  of  the  order  of 
magnitude  of  the  convective  (high-wavenumber)  contribution  to  the 
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average-pressure  spectmm  on  a  flush  element  of  radius  equal  to 
that  of  the  dome,  a.  This  pressure  field  Is  coherent  over  a 
shielded  element  of  radius  contribution  to  the 

spectrum  of  flow-noise  pressure  averaged  over  the  active  area  of 
a  sheathed  array  of  elements  is  small  compared  to  Its  contribu¬ 
tion  for  a  flush  array  with  eqiial  active  area  at  least  when, 
roughly,  the  lateral  size  a  of  each  adjacent  section  of  the  sheath 
Is  rather  larger  than  the  wave  length,  27rc/cu,  and  Is  large  compared 
to  the  size  of  Individual  elements  In  both  arrays . 

Covered  Dome  (dome  with  cover  of  appreciable  acoustic 
Impedance).  (Section  0.2.4,  2.6.2) 

3.  The  dome  cover  Introduces  resonant  contributions  to  the 
spectnua  Q(a),-L)  and  alters  the  non-resonant  contributions.  For  a 
laterally  large  dome  flexible  enough  that  the  free  flexural  wave- 
number  In  the  loaded  dome  cover,  k^(u))^  satisfies 

kj.(u))2  (0-2) 

the  low-waven\jmber  part  of  the  non-resonant  contribution  differs  from  Q 
for  the  fluid  dome  by  terms  of  relative  order  h/L,  for  h/L  «  1, 
where  h  Is  the  depth  of  fluid  having  the  same  effective  mass  per 
unit  area  as  the  dome  cover  (effective  fluid-equivalent  thickness) . (Good 
acoustic  signal  transmission  requires  h/L  «  1) . 

4.  Two  types  of  resonant  contributions  may  be  distinguished, 
one  due  to  wavenumbers  near  resonance  (k  —  k^)  and  the  other  to 
convective  wavenumbers  (k^tw/U^^),  where  It  is  assximed  that  k^. 

(l.e.,  the  regime  Is  not  one  of  hydrodynamic  coincidence).  Both 
types  derive  from  nearly  resonant  response  modes  k^  k^.)  .  In 
consequence,  If  the  structural  damping  Is  small,  the  frequency 
spectr\im  of  average  pressure  Q(u),-L)  may  contain  a  series  of  rapidly 
declining  widely  spaced  resonance  peaks.  As  the  damping  Is  made 
larger,  the  peaks  become  lower  and  the  half -widths  borader,  having 
only  the  background  contributions  Q^,  Q^,  and  q“.  For  a 
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large  dome,  Is  nearly  the  same  as  for  a  fluid  dome,  and  q"  Is 
similar  but  smaller  than  for  a  fluid  dome  (see  point  2;  regarding 
Q^,  see  point  3)  .  In  a  given  frequency  range,  the  more  coiiq>letely 
condition  (0-2)  is  satisfied,  i.e.,  the  more  mass -dominated  is 
the  dome-cover  impedance,  the  more  attenuated  are  the  resonant 
waves  in  the  dome  interior. 

Acoustic  modification  for  flush  element  in  nonrigid 
boundary.  (Section  0.2.5,  Z.b.3) 

5.  In  the  acoustic  modification  to  the  average-pressure  spec¬ 
trum  on  a  flush  element  due  to  botindary  vibration,  the  same 
contributions  may  be  distinguished  as  in  the  case  of  an  ele- 

00 

ment  within  a  covered  dome,  except  that  the  one  analogous  to 
is  presumably  negligible.  From  the  evidence  of  point  1,  low 
wavenumbers  are  expected  to  make  the  major  contribution.  For 
example,  in  the  special  regime  where  co/c  ^  a  non¬ 

resonant  part  of  this  contribution  can  be  distinguished  and  is 
of  the  order  of  -1.7(RQ/h’)QQ(co)  for  h’/R^j  »  1,  where  h'  is  the 
effective  fluid-equivalent  plate  thickness.  (Good  acoustic  sig¬ 
nal  preservation  requires  h'/Rg  »  1;  in  the  opposite  limit  of 
negligible  plate  Impedance,  with  «  1,  the  element,  as  well 

as  the  boundary,  is  a  pressure-release  surface.) 

6.  The  convective  nonresonant  contribution  to  the  acoustic 
modification  is  similar  to  in  the  case  of  a  dome  (point  2) , 
i.e.,  for  large  plate  size  it  is  of  the  order  of  the  convective 
contribution  to  the  direct  (nonacoustic)  average-pressure  spec¬ 
trum  on  a  flush  element  of  radius  equal  to  that  of  the  whole 
plate  section. 

7.  The  resonance  contributions  are  similar  to  those  for  the 
covered  dome,  but  there  is  no  attenuation  of  the  resonance  peaks 
analogous  to  that  which  occurs  in  a  dome  interior  when  (0-2)  is 
satisfied. 

Extended  Summary 

These  points  are  elaborated  in  the  following  more  ex¬ 
tended  discussion  and  summary.  Some  of  the  results  are  indepen¬ 
dent  of  the  dome  model  employed;  others  are  not,  though  stated 
in  more  general  terms;  before  acceptance  of  the  results 
as  applicable  to  an  actual  configuration,  the  degree  of 
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correspondence  with  the  present  model  must  be  considered. 


0.2.2  Excitation  Pressure  Due  to  the  Turbulent  Boundary  Laver 

We  regard  this  pressure  field  as  driving  the  nonrigid 
boundary  without  being  affected  by  the  resulting  vibration.  Con¬ 
sideration  of  its  properties  is  needed  to  compute  the  desired  acoustic 
pressure  spectnnn  transmitted  to  a  dome-housed  element,  or  ex¬ 
erted  on  a  flush  element,  and  also  to  compare  these  spectra  with 
the  spectrum  of  average  pressure  on  a  similar  flush  element  in  a 
rigid  boundary.  The  frequency-wavenumber  spectrxnn 
[Ic  =  (kj^,k2)  ]  of  exciting  pressure  on  a  plane  boundary  presumably 
increases  rapidly  with  streamwlse  wave  number  k^  just  beyond 
kj^  Uoo  being  the  asymptotic  flow  velocity,  and  reaches  a 

maximum  somewhat  above  this  wave  ntimber.  Wavenumber  components 
with  kj^  >  iu/Uoo  X^*.d  hence  k  =  j"^  >  ^/Uoo)  termed  convective, 
in  the  sense  that  they  can  be  generated  by  time -independent  frozen- 
in  eddies  convected  downstream  at  speeds  <  U„.  Components  with 
low  wave  number,  k  «  are  presumably  of  much  smaller  ampli¬ 

tude, but  Important,  as  Indicated  below. 

We  define  a  spectral  density  lQ(k,cu)  integrated  over 
wavenumber  direction  9: 

=  fd9  Pj,(T?,a))  .  (0-3) 

Let  Q  (ou)  denote  the  frequency  spectrum  of  pressure  averaged  over 
o  2 

a  circular  area  ttR  and  write 


where  Q^_  derives  from  wave  numbers  k  <  and  irom 

k  In  a  reasonable  approximation,  we  obtain  in  the  case 

u»o/Uoo  ^  (large  area) 


mRo^ 

/  dkk[2jj^(kR^)/kR^]2lQ(k,co),  (0-5) 
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(0-6) 


o  (CD)  f  dkk'h„(k,a)) , 

»+  o  u>/v^  ® 

where  m  Is  regarded  as  a  fixed  number  large  compared  to  unity. 

_3 

The  area  dependence  of  Is  thus  as  .  As  for 

asstmoe  that  varies  moderately  and  smoothly  In  the  Interval 

0  <  k  <  mR”^.  In  this  event 
o 

~  “>  •  (®-^> 

where  denotes  an  appropriately  weighted  average  over 

the  Interval  but  Is  assumed  nearly  Independent  of  R^.  If  R^  Is 
sufficiently  large,  (0-7)  Indeed  holds;  In  fact 

<5o-  ’  (0-8) 

since  (except  by  neglect  of  compressibility,  viscosity,  and  In- 
homogenelty)  we  have  1^(0 ,00)  4  0.  For  the  range  of  R^  of  usual 
Interest,  however,  the  average  I^  of  (0-7)  Is  not  necessarily 
Identifiable  with  I^  of  (0-8)  . 

When  ;^ni,  with  c  the  sound  velocity,  the  validity 

of  (0-7)  seems  open  to  doubt.  It  appears  possible.  In  fact,  that 
I^(k,a))  has  a  peak  where  k'^oo/c,  corresponding  to  the  waventiinber 
of  sound;  If  so,  a  "radiation"  contribution  to  Q^_  could  be  dis¬ 
tinguished  that  would  be  Independent  of  R^  so  long  as 

Based  on  (0-6)  and  acceptance  of  (0-7)  ,  but  with  allow¬ 
ance  for  the  tenuous  possibility  of  the  radiation  contribution, 
we  would  have  an  area  dependence  for  the  total  of  the  form 

<• 

Q^(a))  =  A(a))R"2  +  5(0))  +  C(a>)R'3.  (0-9) 


The  lower  limit  In  (0-6)  (and  In  the  definition  of  Q^^)  may  be 
taken  <o)/U„,  provided  It  remains  larger  than  mR“^  for  the  range 
of  Ro. 

Throughout,  we  limit  consideration  the  regime  of  low  Mach  niunber, 
Uco«  C. 
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Observed  spectra  for  different  transducer  size, and  nteasured  narrow- 

band  spatial  correlations^  place  experimental  constraints  on  A,  B, 

and  C.  Observation  has  Indicated  that  0  varies  more  nearly  as 
-2-3  ° 

Rq  than  as  (see  Ref.  3).  Hence  the  first  term,  In  the  range 

of  In  question,  Is  apparently  larger  than  the  third,  l.e., 

Qq, ^  Some  observational  justification  for  the  approximation 

(0-7)  Is  thus  also  provided. 

0.2.3  Flow-Indticed  Noise  Transmitted  by  a  Fluid  Dome 

We  consider  In  this  and  the  following  section  the  fre- 

O 

quency  spectrum  Q(ui,y)  of  average  pressure  on  a  circular  area  ttR^ 
at  depth  -y(>0)  In  the  dome  Interior  at  or  near  the  Inner  surface 
(y  =  -L)  and  laterally  near  Its  center  (see  Fig.  0-1).  The  dome 
will  be  nominally  regarded  as  circular  with  lateral  radius  a  »  R^. 
In  the  specific  model  assumed  In  the  text,  the  dome  cover  Is  sup¬ 
ported  or  constrained  only  along  its  periphery.  Accordingly,  the 
wavenumber  spacing  of  modes  of  dome-fluid  structure  is—Tr/a. 

Inner  and  outer  fluids  are  assumed  to  have  equal  density  p  and 
sound  velocity  c. 

We  may  divide  Q(  <o,y),  just  as  Qq(^)  in  (0-4),  into  con¬ 
tributions  Q. (<“,y)  and  Q_j^(<“,y)  from  k  <  and  k  >  k^,  respectively, 

with  k^*^  co/u  . 

'00 


The  possibility  that  the  observed  dependence  is  more  nearly  as 

-3  -2 

B  +  CRq  than  as  AR^  may  still  bear  examining.  Plausible  esti¬ 
mates  of  Qq^(“)  can  be  made  from  crude  convection  models,  but 
Q^_(a3)  is  more  Inaccessible  theoretically. 


/ 
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In  the  present  section  the  Interior  fluid  Is  regarded  as 
separated  from  the  flow  by  a  dome  cover  with  no  stiffness  or 
mass . 

0 . 2 . 3 . 1  Contribution  from  Excitation  at  Low  Wave  Numbers 

To  obtain  a  rough  estimate  of  Q.(oJ,y),  we 
assume  that  I-(k,cu)  does  not  change  substantially  in  most:  of  the 

o  2  2  2  1./2 

range  0  <  k  <  (p  Ic.  +  l“  )  '  ,  an  assuii5>tion  similar  to  that  at 
(0-7) .  For  each  excitation  wave  number  k,  derives  mainly  from 
response  modes  of  the  dome  having  wave  numbers  nearly  equal  to  k. 
Assvimlng  a  rigid  inner  surface  and 

coa/c  »  TT,  (0-9.1) 

(a)L/c)(a3a/c)’^/2  «  1,  (0-10) 

we  find  the  contribution  Q,  at  this  surface  to  be 

(Ro4/V 

where  is  an  effective  averaging  radius  defined  by 

R’^  =  (l/4)tWc)^  +  (l/2)L‘^j:  (l/4)[(2ir/?>)2+  l/n}]  (0-12) 

and  Iq(ajR”^,^)  again  denotes  a  suitable  average  but  is  assvuned 
nearly  independent  of  R^.  By  coii5>arison  of  (0-7)  and  (0-11),  we 
have  as  the  relation  between  spectra  for  dome-shielded  and  flush- 
mounted  elements  of  radius  R^ 

Q.(^,-L)-vH(RQ/Rg)\^(a))  (R^;^  R^)  (0-13) 

where  H  =  ^QC^kg^) presume  that  H**'!;  it  may  be 
smaller,  however,  for  R^  »  R^,  where  R^  refers  to  the  largest 


^  - - 

The  possibility  that  I  (k,a>)  in  the  major  part  of  this  range  is 
much  larger  than  1^(0,°)  need  not  be  excluded. 
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radius  for  which  0^(a))  is  observed  to  vary  as  R  .  If  R  <  R  , 

O  ^  O  0  O  ’ 

we  find  in  place  of  (0-13) 


Q.(<“,-L)  ^Q^(co).  (0-14) 

Thus  for  a  dome -shielded  element  the  average-pres¬ 
sure  spectrum  due  to  the  low-wavenumber  contribution  is 
roughly  the  same  as  for  a  flush-mounted  element  of  radius 
Rg  =  Rg(^,L)  given  by  (0-12) .  By  use  of  a  dome  then,  one  can 
reduce  this  part  of  the  flow-noise  spectrum  substantially  below 
that  for  a  flush  element  of  given  radius  R^  on7.y  for  frequencies 
corresponding  to  sound  wave  lengths  rather  larger  than  AR^  and 
then  only  by  a  dome  (sheath)  of  thit  ’^’'ess  rather  larger  than  Rq/2. 

According  to  (0-13)  and  (0-12) ,  at  frequencies  low  enough 
that  »  9L  we  have  Q.(ti>,-L)  varying  with  co,  and  other  flow 
parameters  exactly  as  for  a  large  flush  element.  At  frequen¬ 
cies  high  enoiigh  that  «  9L,  on  the  other  hand,  Q_  contains  an 
additional  factor  cu^.  Accordingly,  in  the  latter  range  Q.(‘^,L) 
does  not  sc.®.le  with  the  boundary- layer  parameters  in  the  same  way 
as  Q^,.. 

If  there  exists  a  peak  in  lQ(k,u))  at  k  ^u)/c,  as  dis¬ 
cussed  preceding  (0-9) ,  there  will  be  an  additional  contribution 
to  Q.(‘J^,*L)  that  will  be  just  the  same,  in  the  case  of  a  large 
dome  (ooa/c  »  tt)  ,  as  the  corresponding  contribution  to  Qq(‘^)  for 
a  flush  element  of  the  same  size,  i.e.,  that  will  not  be  reduced 
by  the  dome  for  any  ^  and  L. 

If  an  infinitely  deep  interior  medium  is  assumed  instead 
of  a  rigid  surface  at  y  =  -L,  expressions  (0-11)  and  (0-13)  for 
Q_(u),-L)  are  reduced  by  a  factor  i/4. 

0.2. 3. 2  Spectra  Averaged  Over  an  Array  of  Elements 

We  refer  now  to  spectra  of  noise  pressure  averaged 
over  the  entire  active  area  of  an  array  of  elements, 


confining  consideration  initially  to  the  conbributions  from  low 
wave  numbers.  These  average  spectra  are  of  practical  interest. 

Consider  first  an  array  of  N  flush  elements  of  radius 
R^,  where  u*.q/Uoo  »‘7r  so  that  Qo-*^  Rq  •  Let  the  center  spacing 

of  elements  be  D^,  and  represent  the  active  and  the  total  area 

°  2  2 
of  the  array  respectively  by  A^[=N(7'^q)  ]  and  A.j,[=NDq].  The  spec- 

tnim  of  pressure  averaged  over  the  active  area,  say  is  given 

by 

■  Qo- ~  2ir(Ao/J4)’^i^'^Io(~R;'-) ,  (0-15) 

where  the  second  form  corresponds  to  (0*7) .  jTo  the  extent  that 
is  Independent  of  R^,  thus  does  not  depend 
specifically  on  the  elemental  area  ^R^  (in  the  assumed  range 
Rq  »  but  varies  inversely  as  the  total  active  area  of 

the  array. 

Now  consider  an  array  of  N'  shielded  elements  of  radius 
r^  and  center  spacing  D  yielding  the  same  total  area  A.^,  =  N'D^. 

The  correlation  area,  or  area  scale,  for  the  pressure  field  on 
the  elements  (at  depth  L)  is  ttr^.  In  two  opposite  limiting  con¬ 
ditions  the  spectrum  of  pressure  averaged  over  the  total  active 
area  A[=N' (^rr^)  ] ,  say  Q^,  is  given  by 

'  2  2 

1.  Loosely  packed  array,  D  »  ttr^'  : 


0^  (<0,-L) 


r 


^  < 


(D^/A^)a«(A„/A)  (r^/R^)Q*! 


if  R„  >  r., 
e  o* 


(0-16) 


”1\  /t»2  /.  x'V/ 


if 


We  still  assume  a  rigid  inner  surface  (including  the  surface 
of  the  elejpents)  . 
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2.  Tightly  packed  array,  «  ttR^: 

-  Hj(A^/i4.)(!^o,  (0-17) 

where  =  I^(-^  ■ 

Suppose  that  the  total  area  of  the  array,  whether 
flush  or  sheathed,  is  fixed  independently  of  flow-noise 
considerations,  and  likewise  the  minimum  element  radius  and 
spacing  in  the  shielded  array.  If  incident  signal  pres¬ 
sure  is  independent  of  active  area,  as  is  roughly  true 
even  for  an  active  array,  the  noise-to-signal  ratio  is  propor¬ 
tional  to  the  spectrum  of  noise  pressure  averaged  over  the  active 
area.  So  far  as  determined  by  low  excitation  wave  numbers,  the 
signal-to-noise  ratio  for  a  flush  array  is  then  maximized  by 
maximizing  the  array  factor  A^/A^.  For  a  shielded  array,  with 
assumption  that  H  ^  1,  the  signal-to-noise  ratio  is  in¬ 

creased  relative  to  that  for  flush  array  by  a  factor  Aj/A^  at 
frequencies  below  oo  ,  provided  that  the  spacing 

D  and  that  the  sheath  thickness  satisfies  Eq.  (0-1.1).* 

At  higher  frequencies,  or  with  a  thinner  sheath  or  wider  spac¬ 
ing,  such  that  (0-1.1)  is  not  satisfied,  the  factor  of  increase 
is  smaller;  it  becomes  roughly  equal  to  the  constant  value  A/A^ 
at  frequencies  such  that  ^  ^  f^®‘l^®’^cies  and  sheath 

thicknesses  such  that  condition  (0-1.2)  is  violated. 


¥ 


If  Hj,  «  1,  the  factor  of  increase  is  greater. 
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0 . 2 . 3 . 3  Contribution  from  Excitation  at  High  Wave  Numbers 


Two  possibly  significant  contributions  to  may 

be  distinguished  according  to  the  wavenumber  range  of  the  resr 
ponse  modes  of  the  dome.  For  given  excitation  wave  number  kg 
these  correspond  to  response  wave  numbers  that  are  nearly 
(1)  equal  to  k  or  (2)  low  enough  that  the  corresponding  waves  in 
the  interior  fluid  are  propagated  into  the  interior  or  at  least 
are  not  attenuated  to  a  negligible  value  at  the  interior  surface 
[i.e.,  ^  /c  +L  )  '  ].  These  contributions  to 

will  be  denoted  here  respectively  by  Q*(t^,y)  and  Q|^(c^,y)  and 
termed  the  direct  convective  and  the  propagating  overlap  con¬ 
tributions.  (The  contribution  from  low  wave  numbers  considered 
in  the  preceding  section  may  similarly  be  termed  the  direct  non- 
convective  contribution.)  Since  we  are  dealing  here  with  a  fluid 
dome,  we  do  not  yet  have  to  consider  resonant  contributions. 

The  direct  convective  part,  Q~(^,y) ,  for  each  contribut¬ 
ing  excitation  wave  number  k,  is  affected  by  area  averaging  over 
the  interior  element  in  the  same  way  as  the  excitation  pressure* 
and  differs  from  it  by  the  absolute  square  of  the  interior  acous¬ 
tic  response  coefficient,  r(k,u),y).  in  order  of  magnitude,  in 

00 

the  case  of  a  rigid  inner  surface,  is  related  to  the  high-wave¬ 
number  part  of  the  average-pressure  spectrum  Q^^[see  Eq.  (0-6)] 
for  a  flush  element  of  equal  area  by 

Q"(cu,y)  exp(-2uiL/TiUjch^[u)(y+L)/T]U^]Q^^(u))  ,  (0-18) 

where  the  factor  t](<1)  ,  which  defines  an  effective  velocity 
increases  slowly  with  decreasing  ca  and  increasing  L  but  is  re¬ 
garded  as  being  close  to  unity  even  in  the  higher  range  of  frequen¬ 
cies.  In  any  case  the  factor  multiplying  is  extremely  small 

Resonances  of  the  interior  acoustic  field  for  certain  relations  be¬ 
tween  the  depth  L  of  the  dome  and  the  sound  wave  length  do  not  occur, 
or  do  not  result  in  amplification  of  the  driving  pressure  by  a  fac¬ 
tor  greater  than  unity,  on  account  of  damping  by  the  radiation 
field  produced  in  the  outside  medium. 
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for 

very 


y|  »  this  depth  Is  rather  small  except  at 

ow  frequency. 


The  propagating  overlap  part,  C^(s>,y),  though  readily 
computed  numerically  In  the  model  employed  In  the  text,  is  not 
expressible  In  a  transparent  closed  form  except  In  restricted 
parameter  domains.  In  a  certain  limit  based  on  the  largeness  of 
(um/c(s2irX/a)  y  a  8lnq>le  form  applies;  more  specifically  the  form 
applies  where  conditions  (0*9.1,)  (0-10)  and  the  condition 


(aJL/c)‘^(£ua/c)‘^/^  «  1  (0-19) 

are  simultaneously  satisfied.  In  order  of  magnitude  In  the  case 
of  a  rigid  Inner  surface  and  with  .^1,  In  this  regime 

Is  estimated,  again  In  terms  of  for  an  equal  area,  as 

<^(“.y)  -  W4)(a4./c)2f(ioa/c)(R^/a)\^(<D),  (0-20) 

where  f(z)  denotes  a  certain  positive  oscillatory  function  of  the 
argument  z  having  period  ir,  a  peak  value  3.4  and  a  value  less  than 
half  as  large  when  averaged  over  z.  In  the  case  of  Infinite  depth 
In  place  of  a  rigid  Inner  surface,  L  In  (0-20)  Is  replaced  by 
(l/4)y^  (Oq^  still  refers  to  flush  mounting  in  a  rigid  surface). 

Conditions  (0-10)  and  (0-19)  will  not  be  satisfied  In 
much  of  the  parameter  domain  of  Interest.  Still,  estimate  (0-20) 

Is  perhaps  not  misleading. 


The  foims  of  (0-20)  and  of  (0-27),  (0-33),  and  (0-34)  below  depend 
'  on  the  lateral  boundary  condition  assumed  In  the  explicit  model. 
The  forms  quoted  correspond  to  the  larger  of  the  tvo  limiting 
t^es  of  expression  given  In  the  text  and  therefore  roughly  apply 
also,  with  reduced  coefficients,  to  mixed  conditions,  which  may 
most  closely  simulate  actual  configurations. 

The  paradoxical  Increase  of  Q'  with  dome  depth  L  according  to 
(0-20)  occurs  only  In  the  limited  range  of  L(lf  any)  defined 
by  conditions  (0-10)  and  (0-19) . 


In  the  limit  where  it  holds,  the  contributing  modes  are  those 
with  lateral  wave  numbers  near  that  of  sound  in  the  inner  and 
outer  fluids,  (^/c,  and  hence  with  nearly  vanishing  wave  numbers 
normal  to  the  outer  stirface  of  the  dome,  corresponding  to  in¬ 
terior  waves  propagating  parallel  to  this  surface.  is  inde- 

+ 

pendent  of  in  the  regime  considered  (in  (0-20) ,  Rq  ) • 

Crudely,  in  view  of  the  factor  (R  /a)^  multiplying  Q  in  (0-20), 
(£  is  similar  to  the  direct  pressure  Q^.  averaged  not  over  the 
area  ttR^  but  Instead  over  the  entire  area  of  the  dome  (va  )  . 

On  account  of  the  factor  c)  ^f(tDa/c),  qP  as  given  by 

(0-20)  does  not  scale  with  the  boundary- layer  parameters  in  the 

same  way  as  Q^.  In  the  case  of  q“,  estimated  by  (0-18)  ,  the 

difference  in  scaling  relative  to  Q  is  Inferred  to  be  less  pro- 

0+ 

nounced. 

0.2. 3. 4  Comparison  of  Contributions;  Possible  Reduction  by  a 
Fluid  Dome 

The  coDDponent  Q*  estimated  at  (0-18)  represents  a  con¬ 
tribution  to  the  interior  average-pressure  spectrum  that  still 
remains  in  the  limit  of  a  laterally  infinite  dome  (a-^) ,  as  does 
the  direct  coDq>onent  Q_  due  to  low  excitation  wave  numbers  esti¬ 
mated  in  the  preceding  section.  The  overlap  component  (^,  on 
the  other  hand,  vanishes  in  this  limit. 

Suppose  we  accept  the  estimates  (0-13) ,  (0-18) ,  and 
(0-20)  of  the  various  contributions  to  the  interior  average-pres¬ 
sure  spectmm  as  roughly  correct  in  their  common  domain  of  appli¬ 
cation.  By  choosing  L  »  which  is  still  consistent  with  a 

rather  thin  sheath,  we  can  make  q”  small  compared  to  Qq^*  even 
compared  to  for  any  realizable  lateral  size  a.  Further,  if  we 
accept  the  observational  indication  stated  after  (0-9) ,  we  have 
Qo-^  Qo^*  From  (0-13)  and  (0-20),  again  considering  coL/c  ^  1 
(or  at  least  not  large)  and  recalling  that  coa/c  »  1  for  applic¬ 
ability  of  (0-20) ,  we  then  infer  that 


The  factor  o>L/c  in  (0-20)  is  regarded  as  of  order  of  magnitude 
unity  because  of  the  assumed  conditions  (0-10)  and  (0-19) . 


0- 


Q.  (<“.-!.)  »  Q5(<»,-L) 

and  likewise  Q.(m,-L)  »  Q^(a),-L)[=  qj  +  q“).  Hence,  under  the 
present  ftssunptlons ,  the  aree  dependence  of  the  average-pressure 
spectrtnn  on  a  fliish  element  indicated  by  eicper iment ,  namely  as 
Rq  (for  »  tt)  ,  iiiq>lles  the  predominance  of  the  low-wave- 

number  contribution  to  the  average-pressure  spectrum  on  an  element 
shielded  by  a  fluid  done  or  sheath.  The  earlier  discussion  of  Eqs. 
(0-13)  and  (0-14)  then  applies  also  approximately  to  the  total 
spectrtnn  for  an  Interior  element. 

Thus,  with  regard  to  flush  and  shielded  arrays,  ac¬ 
cording  to  the  preceding  discussion  and  Section  0.1. 2. 2  above, 
a  fluid  sheath  (or  comparable  elastic-solid  sheath)  of  thickness 
L  permits  significant  noise  reduction  over  a  substantial  frequency 
range  only  if  r^,  where  r^  is  the  radius  of  the  shielded  ele¬ 
ments  used.  If  Instead  the  convective  contribution  from  high  ex¬ 
citation  wave  numbers  predominated,  significant  noise  reduction 
relative  to  a  flush  array  could  be  achieved  provided  roughly  only 
that  L  »  and  that  the  lateral  size  a  of  the  sheath  (or  each 
section  thereof)  is  rather  larger  than  a  wave  length  (2rc/o^)  and 
Is  large  compared  to  the  size  of  Individual  elements. 

Present  conclusions  based  on  a  treatment  of  a  fluid 
Sheath  are  believed  to  apply  roughly  to  an  elastic-solid  sheath 
as  well,  provided  that  the  transverse  sound  velocity  is  of  the 
order  assumed  with  regard  to  c,  notably  that  c^.  »  U„. 

0.2.4  Flow-Induced  Noise  Transmitted  by  a  Covered  Dome 

,  In  distinction  from  the  preceding  section  we  consider 

now  a  dome  having  a  cover  with  significant  impedance.  We  assume 
that,  except  at  frequencies  below  the  range  of  concern,  the  free 
flexural  waves  in  the  dome  cover  (coupled  to  the  internal  and 


•ff 

If  there  should  prove  to  be  a  spike  in  the  wave  number  spectrum  of 
excitation  at  k^cw/c,  this  contribution  will  not  be  reduced  by  a 
sheath  Independently  of  L.  It  would  be  somewhat  reduced  for  both 
flush  and  shielded  arrays  by  tight  packing  to  yield  coherent  can¬ 
cellation  (provided  the  effective  size  satisfies  »  c/cd)  . 
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external  fluids)  have  wave  velocities  greater  than  the  asyinptotlc 
flow  velocity  (U^g) ,  so  that  the  waves  of  excitation  pressure  In 
resonance  with  free  waves  are  nonconvectlve  <  “/U^)  and  their 
amplitudes  therefore  small,  l.e.,  the  regime  of  "hydrodynamic 
coincidence"  is  avoided. 

In  the  present  Instance,  unlike  that  of  the  fluid  dome, 
resonances  of  the  dome-fluid  structure  occur,  such  that  at  a 
given  frequency  one  or  more  modes  may  have  acoustic  response  co¬ 
efficients  of  magnitude  greatly  exceeding  unity  xmless  the  struc¬ 
ture  Is  highly  daiiq>ed.  [The  resonant  wave  number,  k^(cu),  at  any 
frequency  exceeds  both  the  sound  wavenumber  in  the  fluid,  w/c, 
and  the  resonant  waventuiber  of  the  Isolated  plate,  k^(w).]  In 
this  case  the  previously  defined  low-wavenumber  contribution 
Q_(aj,y)  to  the  interior  average-pressure  spectrum  Q(t<i,y) ,  deriv¬ 
ing,  at  each  excitation  wave  number  k,  mainly  from  modes  with 
k^  —  k,  may  have  to  be  understood  to  include  contributions  from 
k's  (and  k^'s)  near  the  resonant  wave  number,  even  though  contri¬ 
butions  from  k's  somewhat  higher  or  lower  are  negligible.  Like¬ 
wise,  the  high-wavenuaiber  contribution  Q^(oi,y) ,  which  formerly 
was  composed  of  a  direct  convective  part  Q^,  deriving  mainly  from 

modes  with  k  ‘^k,  and  a  propagating  overlap  part,  deriving  mainly 
^  2  2  *2  1/2 

from  modes  with  k^  ^  (to  /c  -f  L  )  '  ,  may  have  to  be  understood 

to  include  a  further  part  deriving  from  modes  near  resonance,  i.e, 

with  k  ^k^,  which  will  be  called  the  resonance  overlap  contribu- 
n  r' 

tion  and  denoted  by  Q^(uJ,y)  . 

A  given  lateral  mode  v  of  the  structure  resonates  at  some 
frequency,  and  a  corresponding  half-width  of  the  response 
may  be  defined.  Likewise,  for  any  given  frequency  cu,  a  resonant 
wavenumber  k^(w)  and  a  wavenumber  half -width  6k  may  be  defined. 

If  the  structural  damping  is  small  enough,  we  have 


6ka  <  tt;  (0*21) 

in  this  case,  at  a  given  frequency  at  most  a  single  mode  can  be 
near  resonance,  but  the  acoustic  response  at  resonance  can  be 


.-A 

\ 
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large.  The  parameter  6ka  Increases  with  mode  number.  If  the 
dome  cover  is  highly  daiqped  and  the  mode  ntucber  large,  on  the 
other  hand,  we  have  5ka  »  tt,  so  that  at  a  given  frequency  many 
modes  lie  almost  equally  near  resonance;  the  response  for  each, 
hofwever,  is  only  moderately  greater  than  for  modes  away  from 
resonance,  and  fxirthermore  their  effects  tend  to  cancel  so  far 
as  their  excitation  by  high  wavenumbers  is  concerned. 


!  The  resonant  modes  are  more  rapidly  attenuated  in  the 

dome  interior  if  the  resonant  wave  length  2Tr/k^(p)  is  small  com- 
I  pared  to  both  the  sound  wave  length  and,  say,  six  times  the  depth 

'  L,  roughly  in  accordance  with  a  factor  exp[-2(k^-o^/c^)^^^] 

-  [see  Eq.  (0-23b)  below]. 

-  0.2. 4.1  Contribution  from  Excitation  at  Low  Wave  Numbers 


[ 


! 


i: 


We  refer  first  to  the  contribution  from  excitation  at 
low  waventimbers  (<i^/U„)  removed  from  the  resonant  wavenumber, 
analogous  to  Q.  for  the  fluid  dome. 

It  is  not  possible  to  design  the  dome  so  that  noise  due 
to  excitation  wavenumbers  in  most  of  the  interval  k  <  ti>/c  is  sup¬ 
pressed  without  likewise  suppressing  an  incident  acoustic  signal 
at  least  from  certain  angles  of  incidence ;  that  is,  the  dome-cover 
impedance  in  this  interval  must  be  low  for  adequate  signal  trans- 
miss  ioc. 


In  general,  even  xmder  the  assumptions  of  Sec.  0.1. 2.1 
it  is  not  possible  to  estimate  Q.(“,y)  for  a  covered  dome  by  a 
simple  closed  expression  analogous  to  (0-11) .  If  (0-19)  is  satis¬ 
fied,  however,  the  resonant  part  of  Q_,  say  Q^,  can  be  clearly  distin¬ 
guished  and  is  given  in  the  neighborhood  of  a  resonant  frequency 
o)^,  corresponding  to  modal  wave  number  k^,  roughly  by  the  single¬ 
mode  form 


TTb 


(a)/a> 


V 

TTTTT 


(Ro/a)kvRoQo-(‘^) 


(0-22) 


I 
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for  where  the  second  form  follows  from  (0-7)  on  assunq)- 

tion  that  .  If  ^  1,  (0-22)  requires  an 

additional  area-averaging  factor  [2Jj^(k^R^)/k^RQ]^.  The  resonance 
parameters  In  (0-22)  are  given  roughly,  for  a  rigid  Inner  sxirface, 
by 


(k^,h)'l(l+2/k^h)‘’-exp(-K2/)ch[K2^(y+L)  ],  (0-23b) 

«v  :  6“v/“v’  (0-23c) 

222  1/2 

with  K2y=(k^-cj^/c  )  '  ,  where  is  the  resonant  frequency  of  the 
Isolated  dome  cover  for  wavenumber  k^,  and  h  s  a/ p,  with  a  the  dome 
cover  mass  per  xmit  area.  The  fractional  frequency  half -width 
Is  of  the  order  of  a  dimensionless  damping  coefficient  for  the  motion 
of  the  dome  structure.  In  the  model  explicitly  pursued  In  the  text 
this  coefficient  consists  of  a  sum  of  terms  for  hysteretlc  and 
viscous  daiiq)lng  of  the  dome  cover,  but  more  generally  Includes  also 
danq>lng  at  the  Joinings  of  the  dome  with  the  peripheral  supporting 
structure  (which  commonly  Is  the  more  iiiq>ortant  contribution) . 

Since  at  fixed  frequency  k^(<u)  Increases  with  decreasing 
dome  stiffness,  so  does  the  k^  pertinent  to  a  given  frequency  range 
and  hence  also  the  exponential-attenuation  coefficient  K2^  In  Eq. 
(0-23b)  for  b^.  Thus  b^  and  the  ansplltude  of  the  resonance  maximum 
decreases  as  the  stiffness  decreases,  on  assumption  that  the  rate 
of  Increase  of  lQ(ky,<u)  is  not  precipitous  so  long  as  k^ 

In  actuality,  resonance  peaks  of  the  character  of  (0-22) 
or  (0-27)  below  seem  not  to  be  ordinarily  distinguishable  In  the 
frequency  spectra  of  noise  for  dome-shielded  hydrophones . 

For  a  dome  of  sufficiently  low  stiffness  that 
A  99-91/2  ^ 

ko(^“)^  (oj^/c^+L  ,  the  resonant  modes  with  k^^ kj.(tu)  (>k^) 
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are  well  removed  and  distinguishable  from  the  other  contributing 
0  0  \  lo 

range  of  propagating  or  weakly  attenxiated 

modes,  Aether  or  not  condition  (0-21)  Is  satisfied.  Furthermore, 
the  dome-cover  liqiedance  is  n^ss -dominated  throughout  the  latter 
Interval.  In  this  Instance  in  the  regime  where  conditions  (0-9.1), 
(0-10)  and  the  additional  condition 

«  1  (0-24) 

are  simultaneously  satisfied,  where  represents  the  acoustic 
i]q>edance  of  the  dome  cover  at  a  wavenumber  ^/c,  we  can  compute 
a  siiiq>le  estimate  for  the  nonresonant  contribution,  say  .  to  Q.. 

If  the  ratio  h/L  of  the  fluid-equivalent  dome-cover  thickness 
(hso/p)  to  the  dome  depth  is  small  compared  to  unity,  as  required 
for  good  signal  transmission,  q|^(^,-L)  differs  from  the  corre¬ 
sponding  expression  (0-11)  for  Q_((^,-L)  in  the  case  of  a  fluid 
dome  by  terms  of  relative  order  h/L. 

0.1. 4. 2  Contribution  From  Excitation  at  High  Wavn  Number 

The  direct  convective  contribution,  as  in  the  case  of  the 
fluid  dome,  is  estimated  as 

Q*(a),y)/v  |r(a)/TiU„,u),y)|  ^Qj,^(co)  (0-25) 

(with  a  slightly  larger  q) ,  but  now  the  acoustic  response  coeffi¬ 
cient  r  takes  accoxmt  of  the  doiue-cover  liiq)edance.  If  the  cover 
is  dynamically  equivalent  to  a  thin  plate  or  membrane,  for  a  rigid 
inner  surface  and  with  »  k^(u)) ,  we  have 


|r(u)/TiU„,a),y)|  ^-^exp(-2u)L/TiU„)ch^[a)(y-f-L)/TiU„]  (0-26) 

X  4(u)h/TiU„)‘2[a)/TiU„k^(a))  ]"2”Q^(a)) 

[cf.  (0-18)],  where  0=4  for  a  plate  and  o=2  for  a  membrane.  In 
the  regime  considered,  as  given  by  (0-26)  is  even  smaller 

than  for  the  fluid  dome. 


The  propagating  overlap  contribution,  ,  as  for 

the  fluid  dome,  can  be  cooq>uted  nximerlcally  for  the  model  of  the 
text,  but  not  generally  e]q>re8sed  In  a  transparent  form.  Again, 
however.  In  the  regime  where  conditions  (0-9.1),  (0-10),  (0-19), 
and  (0-24)  are  satisfied,  the  sliiq[>le  estimate  (0-20)  applies. 

As  for  the  resonance  overlap  contribution.  If  condi¬ 
tion  (0-21)  for  a  single-mode  approximation  holds,  for 
and  we  have,  similarly  to  (0-22), 


C^(a),y)^ 


(W2)b; 

(aj/aj^-l)^+€jJ 


(0-27) 


Eqs.  (0-22)  and  (0-27)  relate  and  to  quantities 
Q^_  and  pertinent  to  an  Imagined  large  flush  element  of  radius 
R^;  and  Q^,  for  k^R^  themselves  Independent  of  the 

radius  R^  of  the  Interior  element.  Eqs.  (0-22)  and  (0-27)  yield 
as  the  order  of  magnitude  of  the  ratio  of  direct-resonance  to 
resonance-overlap  contributions 


Q!/Q+~2(a/Bo)(Qo-/‘>o+>- 

On  acceptance  of  the  observational  evidence  that  Q  >  Q^,  we 
Infer  »  Q^. 

If  the  condition  Ska  »  tt  opposite  to  (0-21)  holds,  then 
In  contrast  to  (0-27)  a  number  of  modes  lie  within  the  resonance 
peak.  If  certain  additional  conditions  are  satisfied  (as  they  are 
for  sufficiently  large  a  and  nonvanishing  damping) ,  contributions 
from  adjacent  irodes  near  resonance,  as  elsewhere  (except  those  with 
k^'^cD/c),  nearly  cancel  one  another.  then  vanishes  relative 
to  of  (0-20) [or,  pertinent  to  still  larger  a,  relative  to  Q*  of 
(0-24)]. 
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0.2.5  Acoustic  Modification  of  Flow  Noise  on  Flush  Elements 
bue  to  a  Non-Rigid  Boundary 

We  proceed  to  the  question  of  the  acoustic  modification 
of  the  spectrum  of  average  pressure  on  a  rigid  circular  plug 
(transducer)  of  radius  flxish  with,  but  cut  out  from,  a  non- 
rigid  plate  or  membrane  bounding  a  turbulent  flow.  The  opposite 
side  of  the  plate  is  siqiposed  to  be  effectively  vacuous.  The 
effect  of  the  vibrating  plate  on  the  excitation  pressure  is 
neglected . 

The  acoustic  increment  in  the  average-pressure  spectinm 
Q^(a>) ,  which  includes  an  Interference  between  the  direct  and  acous¬ 
tic  pressxires,  is  denoted  by  6^.  This  is  regarded,  as  usual,  as 
coQq;>osed  of  a  sum  of  contributions  from  low  wavenumbers,  6Q_,  and 
high,  6^. 

0.2. 5.1  Contribution  From  Excitation  at  Low  Wave  Numbers 


No  simple  approximation  can  be  written  for  the  sum 
representing  this  contribution  in  the  general  case.  If  (0-21)  is 
satisfied,  however,  as  in  the  case  of  the  covered  dome  the  resonant 
part  of  say  6^)Can  be  distinguished  and  is  given  in  the 

neighborhood  of  a  resonant  frequency  for  <  1,  roughly 

by  the  single-mode  form 


6€(®)  “  (ir/a)!!  I  (k  m)_- - (l-8k  R  /Sir)^ 


irb^^(l-8k^R^/3ir)  ^ 


i 

(0-29) 


[cf.  Eq.  (0-22)],  where  the  resonance  parameters  are  given  roughly 
by 


(0-30a) 

(2k^h)-^(l+l/k^h)‘*-, 

(0-30b) 
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with  the  fractional  frequency  half-width  again  of  the  order  of 
a  damping  coefficient  for  the  motion. 

Unlike  of  (0-23b) ,  b^^  contains  no  attenuating  factor 
governed  by  K2^  and  is  therefore  less  affected  by  the  plate  stiff¬ 
ness  . 

For  a  plate  of  sufficiently  low  stiffness  that  kQ(a>)R^»l, 
whence  also  k^(co)R^»  1,  which  represents  a  regime  excluding  that 
of  (0-29) ,  the  resonant  modes  are  well  removed  and  distinguishable 
from  the  other  contributing  range  k^  ^  modes  that  are  not 

suppressed  by  area  averaging.  The  plate  Impedance  is  then 
mass -dominated  in  the  latter  interval. 

In  this  Instance,  in  the  regime  where  conditions  (0-9.1) 

and  (0-24)  hold,  we  can  compute  a  simple  crude  estimate  for  the 

nonresonant  contribution,  say  6^,  to  6Q  ,  Let  e  =  (l-q^)h/R  , 

where  q^  represents  the  ratio  of  the  stiffness  contribution  to 

the  mass  contribution  to  plate  imedance,  evaluated  at  a  wavenumber 
-1  2 

k^'^  R^  ,  i.e.,  (l-q^)h  is  an  effective  fluid- equivalent  plate 

thickness  for  the  pertinent  interval;  since  k_R^  »  1  by  assumption, 
2  *  o  o 

we  have  q_  «  1.  In  the  limit  of  zero  plate  impedance  (c  ->  0),  for 

O  / 

ooRq/c  ^  1,  we  necessarily  have  6Q^ i.e.,  if  the  boundary  is 
a  pressure-release  surface  and  the  radiation  Impedance  of  the 
blocked  and  rigid  plug  is  negligible,  then  the  plug  face  is  like¬ 
wise  nearly  a  pressure-release  surface.  The  noise  may  not  thus 
be  cancelled  without  likewise  cancelling  an  Incident  acoustic  sig¬ 
nal.  In  order  that  a  signal  not  be  substantially  reduced  by  boun¬ 
dary  vibration,  then^  it  is  required  in  the  frequency  range  of  in¬ 
terest  that  €  »  1.  For  e  »1  and  ^  1,  we  obtain  the 

crude  estimate 


The  equivalent  thickness  h  introduced  in  connection  with  the 
contribution  qP  for  the  covered  dome  may  similarly  be  construed 
“  2  2 

as  reduced  by  a  factor  l-q^jjj,  where  q^  pertains  to  the  stiffness 

at  a  wavenumber  kj^o^/c. 

n 

If  resonating  devices,  effective  in  a  narrow  frequency  range, 
are  employed  for  this  purpose,  they  may  be  regarded  as  implying 
an  equivalent  plate  thickness  having  a  resonance- type  frequency 
dependence. 
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V. 


V. 


6^(<o)  ^-e-^(1.7-1.5c‘^£nOQ„.(“). 


(0-31) 


More  generally,  In  the  regime  in  question,  for  arbitrary  c  but 
with  ^q/c  ^1,  depends  substantially  only  on  the  para¬ 
meter  €.  The  simultaneous  conditions  »  1  and  ^  1 

assumed  above  define  a  very  restricted  parameter  regime,  however. 


0.2. 5. 2  Contribution  from  Excitation  at  High  Wave.  Numbers 

The  propagating  overlap  contribution to  6^^  can  be 
simply  expressed  in  a  special  regime  analogous  to  that  where  (0-20) 
applies.  The  conditions  for  this  type  of  approximation  in  this 
instance  are  (0-9.1),  (0-24),  and  in  addition 


3/ pc  +?|“^  (a>a/c)^/^  «  1, 


(0-32) 


where 


z^/pc(irR^)  with  the  radiation  Isqpedance  of  a  piston 
^  at  frequency  co  in  the  given  nonrigld  boundary.  The 


of  radium  at  frequency  co  in  the  given  nonrigld  boundary, 
result  is  given  roughly  in  terms  of  for  an  equal  area  by 


6^(0))  <i/(rr/4)|2„/,c  +  (j  ^  f(a»/c)  (R„/a)\^(u),  (0-33) 

where  it  supposed  as  in  (0-20)  that  coR^/c^l.  Hence  again,  with 
reference  to  high  excitation  wave  nxmibers,  the  non-resonance  acous¬ 
tic  average-pressure  spectrum  on  the  element  Is  similar  to  the 
direct  pressure  spectrum  averaged  over  the  entire  plate  area  (Tra^) 
demarked  by  the  bounding  structural  members.  The  regime  defined  by 
conditions  (0-4)  and  (0-32)  Is  rather  limited. 

The  resonance  overlap  contribution  6$^  to  6$^,  If  condi¬ 
tion  (0-21)  for  a  single-mode  approximation  holds,  Is  given,  fo* 
u)/U„  »  k^  and  k^R^;^!,  similarly  to  (0-27)  by 


(7r/2)b|/l-8k^p/3Tr)^ 

(U)/C0i^-l)^-|-€![y 


Qo+<“> 


(0-34) 
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The  acoustic  direct  convective  contribution  to  average 
pressure  on  the  rigid  plug,  corresponding  to  inodes  of  the  sur¬ 
rounding  plate  with  kjj  “  ^  >  oj/u^  is  reasonably  neglected. 


PART  1 

DOMES  OF  INFINITE  EXTENT 


Part  1  Is  concerned  with  the  simple  limiting  case  where 
the  dome  and  its  surface  in  contact  with  the  exciting  flow  may  be 
regarded  as  of  infinite  extent.  (The  conditions  for  this  to  be  so 
will  appear  in  Part  2.)  Properties  of  the  exciting  boundary- layer 
pressure  field  and  of  the  response  of  the  coupled  plate-fluid  system, 
pertinent  also  in  Part  2  on  finite  dimes,  are  discussed  here.  The 
former  topic  is  considered  further  in  Section  2.5.  Except  for  Sec¬ 
tion  1.1,  Part  1  may  be  omitted  and  used  merely  as  an  appendix  to 
Part  2. 

1.1  Infinite -Dome  Model 

This  dome  model  Is  constructed  as  follows.  A  turbulent 
boundary  layer  is  generated  by  the  flow  of  a  semi- infinite  fluid 
along  ail  infinite  elastic  plate  or  membrane.  (See  Figure  1-1.) 

The  boundary  layer  is  regarded  as  having  a  finite  thickness,  how¬ 
ever,  such  as  would  occur  in  a  finite  flow  of  interest.  The  plate 
is  planar  in  its  undeformed  state  and  is  assumed  to  be  thin,  in 
the  usual  sense,  for  all  excltaticns  encountered.  On  the  opposite 
side  of  the  plate  is  contained  a  second  fluid  at  rest  in  the  shape 
of  au  infinite  slab  bounded  on  its  other  face  by  an  infinite  sur¬ 
face  parallel  to  the  plate.  For  the  acoustic  field  at  this  inner 
surface,  a  fixed  impedance  condition  is  assumed  to  be  given  for 
each  frequency  and  wavenumber  component  parallel  to  the  surface. 

The  boundary  layer  pressure  driving  the  plate  is  regarded 
as  the  same  as  would  exist  if  the  boundary  were  rigid,  i.e.,  the 
effect  of  the  boundary  motion  on  the  turbulence  is  not  considered. 
Consideration  will  be  restricted  to  the  regime ^of  low  Mach  numbers, 

«  ci. 

OC 


*The  driving  pressure  should,  nevertheless,  be  regarded  as  the 
entire  fluctuating  pressure  existing  in  the  fluid  (with  rigid  boundary) , 
including  the  effect  of  compressibility;  at  wave  numbers  k  the 

pressure  components  likely  differ  substantially  from  those  for  a 
similar  Incompressible  fluid. 
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FIGURE  l-I.  MODEL  DOME  OF  INFINITE  LATERAL  EXTENT 


FIGURE  1-2.  RELATION  OF  PERTINENT  HAVE  NUMBERS  OF  THE 

DOME-FLOW  SYSTEM 
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This  problem  is  regarded  as  a  sinq^lifled  and  partial  model 
for  the  transmission  of  flow  noise  to  a  dome-housed  transducer  via 
mechanical  exrdtation  of  dome  vibration  by  the  fluctuating  pressure 
on  its  surface  and  via  the  sound  field  within  the  dome  generated  by 
this  vibration.  The  plate  and  inner  fluid  represent  the  dome,  and 
the  inner,  parallel  surface  represents  both  the  portion  of  the  hull 
enclosed  by  the  dome  and  the  surface  of  the  transducer  Itself,  \uiless 
the  latter,  instead  of  being  contiguous  with  the  hull,  is  considered 
to  project  in  front  of  it  without  disturbing  significantly  the 
acoustic  field. 

Many  observations  will  be  drawn  that  do  not  depend  on 
assuiqption  of  a  completely  explicit  form  for  the  impedance  z  of  the 
dome  cover.*  In  some  part,  however,  we  treat  specifically  a  thin 
plate  or  membrane  subject  to  hysteretlc  and  viscous  damping,  l.e., 
having  lDq>edance 


2(k,a3)  =  00)  Ci(q2-1)  +  qh  +  pM], 


q  = 


a^k^/u)  (plate) 
c  k/o),  (membrane) 


(1-1) 

(1-2) 


where  k  denotes  the  wave  number  of  an  exciting  pressure  wave  of  angular 
frequency  o)  along  the  surface  of  the  plate. 


=  (E/Po)h„Vl2(l-o,/)  =  (1-3) 

h^  is  the  plate  thickness,  the  mass  density  of  the  plate  material, 

E  Young's  modulus,  Poisson's  ratio,  c^  the  infinite-medium  shear- 
wave  velocity,  p  a  viscous  danq?ing  coefficient  (with  units  of  frequency) 
C  a  hysteretlc  damping  coefficient  (dimensionless),  a  the  mass  per  unit 
area  In  the  case  of  the  plate) ,  and,  with  reference  to  the  mem¬ 

brane  , 


Cg  =  (1-4) 


In  Part  2,  some  consideration  Is  given  to  the  fluid  dome,  which 
has  z  =  0. 


1-3. 


with  T  the  tension  ( force/ length) .  The  quantity  q  of  Eq. 
may  also  be  written 


with 


(plate) 

(membrane) 


^«>/Co. 


(plate) 

(membrane) 


(2) 


(1-5) 

(1-6) 


is  the  resonant  wave  number  (neglecting  damping)  of  the  plate 
or  membrane  in  isolation,  i.e. ,  the  wave  number  of  free  waves  at 
frequency  cu.  The  relation  among  wave  numbers  is  illustrated  in  Fig. 1-2. 

These  parameters  fix  the  effective  values  of  quantities 
that  have  significance  also  in  more  realistic  and  complex  situ¬ 
ations.  For  example,  a  hull  or  dome  cover  will  not  ordinarily 
be  thin  for  much  of  the  exciting  spectrum  of  boundary- layer 
pressure  fluctuation  (i.e.,  we  wf.ll  not  have  toh  /U  K,  1,  where 

O  00  ' 

denotes  ship  speed).  Nevertheless,  the  dynamic  behavior  will 
not  on  this  account  differ  essentially  from  that  determined  by 
our  model. 


1.2  Response  of  the  Infinite  Dome  to  an  Exciting  Wave 

We  denote  the  iopedance  at  the  inner  surface  (y»-L)  for 
wave  number  k  and  frequency  as  by  =  Zj^(k,ti>).  The  density  and 
speed  for  the  outer  fluid  will  be  denoted  by  p"*",  c"^  and  for  the 
inner  by  p  ,  c  .  Suppose  an  exciting  pressure  wave 

P(^,t)  =  p^e^^’^'^^Lk  -  (k^,k3),  K  »  (x,z)]  (1-7) 

of  definite  frequency  and  wave  number,  e.g.  ,  a  spectral  coaq[>onent 
of  boundary- layer  noise  pressure. is  applied  to  the  outer  surface 
of  the  plate.  The  y  coDq)onents  k^,  k^  of  the  wave  vectors  asso¬ 
ciated  with  the  acoustic  fields  in  the  outer  and  inner  fluids, 
respectively,  are  then  given  by 


Cq  is  the  free  wave  velocity  in  the  membrano  in  the  absence  of 
daaq[>ing. 


1-4. 


(irtiars  th«  sl^  1>  chosen  on  assunptlon  that  P)  >  0).  For  use 
n^en  corresponding  to  esponentlel  dependence  on  y,  ve 

define 


•t -p- <1-7-2) 

The  resulting  pressure  In  the  Interior  fluid  In  this  laterally 
infinite  case  has  the  fora 

p'(7.t>  -  p;f(y)e“‘®-l“,  (1-8) 

^ere  f(o)  aay  be  normalized  to  unity. 

In  ^pendlx  1  [see  Eqs.  (13)]  the  ratio 

r(k,«,y)  =  p"(r,t)/p(IE,t)  -  Pof(y)/pQ  (1-8.1) 


of  the  acoustic  pressure  (8)  to  the  driving  pressure  (7)  Is  ob¬ 
tained  for  arbitrary  dome-cover  Impedance  z(k,0) .  The  result  may 
be  written 


r(k,si,y) 


cos[k2(y+L)+al 

cose-1  ain0[(k2P^/k2p”)+(zk2/p”(i^  ] 
ch[Kj(y+L)-fd] 

che  +  shS[(K2P'^/I^p“)+  i(zK2/p”<i:)] 


idiere 


e  »  k^L  +  a,  6  -  kJl  +  ^(—10) , 


(k<i0 

(kXc^ 


tan  a  «  ip”a)/k2Zj^,  th  fi  ■-  ip”a)/K^Zj^  (6*-io). 


(1-9) 

(1-10) 


(1-11) 


(If  the  Inner  surface  Is  rigid,  we  note, 

|rjJ- a  .  S  -  0.) 

With  z  given  by  (1) ,  Eqs.  (9)  -  (10)  become 


For  the  case  where  the  Inner  surface  approaches  pressure  release 
(z, >0) ,  a  form  more  appropriate  than  (10)  Is  given  In  Appendix  1 , 
and  likewise  where  the  Inner  medium  Is  Infinite. 
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V 


r(lc,»,y)  = 


cos [k2 (y+L) +a] 


[co89  +  k2h*"8in0(q^-l)]-ik2h"8in0[(k2h'*’)”V5q^‘*^/«>l 

(k  <  k±) 

ay 

ch[iq(y+L)4A] 

UhS  +  8hi[(Kjh“/l^h‘^)-i5h"(q^-l)]+iK2h"8h'S(Cq^-l^AB) 


(1-12) 


(1-13) 


where  br~  Is  the  effective  thickness  of  the  plate  or  membrane  re- 
ferred  to  the  density  of  the  outer  (+)  or  Inner  (»)  fluid: 

h"*"  -  o/p^.  (1-14) 

(We  note  that  h'/h^*  p^/p“;  also.  In  the  case  of  the  plate,  h^  = 

2 

In  the  factor  q  -1  appearing  In  the  denondnators 
2 

of  (12)  and  (13) ,  the  q  corresponds  to  cover  stiffness  and 
the  -1  to  cover  mass.  Assuming  a  pure  Imaginary  (purely 
reactive  inner  surface)  and  ^  >  -K^L,  we  see  from  (13)  that  both 
fluids  act  to  Increase  the  mass  loading  on  the  plate.  The  only 
Imaginary  (resistive)  part  of  the  denominator  In  this  case,  which 
will  be  Inversely  related  to  the  maximum  of  F  at  a  resonance.  Is 
contributed  by  the  plate  dan9}lng  effects.  We  see  from  (12),  on 
the  other  hand,  that  when  k  <  aj/c^  (or  more  generally  when  k  <  co/c^) 
there  Is  an  added  resistive  contribution  due  to  the  radiation 
Impedance  associated  with  an  outgoing  sound  wave  In  the  outer  fluid. 


We  look  apart  momentarily  from  the  dome  problem  to  the 
question  of  modification  of  flow-noise  pressure  on  a  bounding 
flexible  plate  or  membrane  with  no  Interior  fluid,  due  to  the  ra¬ 
diation  Impedance  associated  with  the  acoustic  field  produced  In 
the  outer  fluid  by  plate  vibration.  The  ratio  of  acoustic  to 
exciting  pressure,  rj^(k,oi) ,  for  this  simpler  instance  is  given  for 
arbitrary  z(k,a))  [Appendix  1,  Eq.  (15)]  by 


P(i+(zk,/(xi»)r^  O' <  k j 

r  1  (k,u})  —  (  1 

^  |-[l+i(zK2/p«»]  ^  >  V 


(1-15) 
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the  auperscrlpt  +  being  dropped  without  ambiguity  In  this  case. 
Vlth  z  given  by  (1) ,  this  becomes 


ri(k,»> 


-1 


1  +  k2h(Cq^+0/a>)  +  lk2h(q^-l) 
-1 


1  -  KjhCq^-l)  +  iK2h(Cq^4^/o)) 


(1-16) 

(1-17) 
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1.3  Snftctra  of  Excitation  and  Acoustic  Pressure  Averaged  over  a 

Clfcuiar  Ar^  Tgrmfl'~of  the  Wavenumber  Spectrum^f  Excitation 

The  actual  exciting  pressure  due  to  flow  noise  consists 
of  a  spectral  dlstrlbud.  on  In  wave  number  and  frequency  of  com¬ 
ponents  of  the  form  (7)  assumed  above. 

Let  the  ratio  of  some  response  pressure  to  the  driving 
pressure  for  a  particular  component  be  denoted  generally  by  r(7,u>). 
In  particular,  r(ic,.<s,y)  [«r(kt<»,y)]  denotes  this  ratio  where  the 
response  In  question  Is  the  pressure  at  depth  -y  within  the  dome, 
which  was  given  at  Sqs.  (9) -(10),  and  r^(k,t»)  of  Eq.  (15)  refers 
similarly  to  the  acoustic  pressure  just  outside  the  plate  without 
Interior  fluid. 


[ 

1. 

i. 

1. 


Now  the  spectral  density  of  such  a  response  pressure,  say 
P(1c^(o) ,  Is  related  to  that  of  the  driving  pressure,  say  P^(^,s>),  by 

P(ir,a))  «  M(ir,a))P^(^,«));  (1-18) 


M(lic,u))  Is  related  to  the  corresponding  response  ratio  r(Ic,u>), 
provided 

r(lc,<»>)  -  r*(-^,-tii), 

M(!^,<u)  -|r(R,ai)p. 


(1-19) 

(1-20) 


1, 


I 

I 
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Eq.  (19)  Is  In  fact  satisfied  by  the  P  and  given  In  (12)~(17). 

With  reference  to  either  a  dome-housed  or  flush-mounted 
transducer  of  finite  size.  It  Is  appropriate  to  consider  the  spec¬ 
tral  density  In  frequency  of  the  average  pressure  over  an  area. 

This  spectral  density,  say  Q(a)) ,  Is  given  In  terms  of  the  spectral 
density  in  vave  number  and  frequency  of  the  point  pressure,  P(Ic,a)  , 
vhere  and  [Ic  «  (k^,k2)]  are  conjugate  to  the  two  spatial 
coordinates  In  the  plane  of  Integration,  by 

Q(®)  -  / d\f  d\jd^7  P(E.<4 .  (1-21) 

A  A 

In  which  the  first  two  Integrations  are  taken  over  the  finite  area 
iy^ln  question  and  the  third  Is  taken  over  the  entire  Ic  plane.  Sup¬ 
pose  this  area  Is  circular,  of  radius  R^.  Then 

J  d^R  -  2rR^k'^J^(kR„)  ,  (1-22) 

Ao 

and  hence 

00 

QC®)  =  J  dkk[2Jj^(kR^,)/kR^]2  I(k,®)  (1-23) 

o 

vihere,  by  (18)  and  (20) , 

2ir  2t 

I(k,®)  -  J  d0P(ir,®)  =  J  de|r(£,a))|2p^(l^,®)  (1-24) 

o  o 

with  9  »  tan“^(kj/kp.  In  the  limit  of  0  (i.e.,  k^^^R^  -►  0, 
where  P(lc,iu^  Is  negligible  at  k  >  k^^  Eq.  (23)  becomes,  as  It  must. 

To  verify  this,  .one  notes  that.  If  the  sign  of  the  frequency  Is 
reversed  (®  ,  then  the  sign  of  the  hysteretlc  damping  coef¬ 

ficient  C  must  also  be  reversed  In  order  that  the  plate  strain 
will  still  lag  the  stress  Just  as  before,  I.e.,  C  Is  an  odd  func¬ 
tion  of  frequency.  Likewise,  the  sign  of  k^  nnist  be  reversed  In 

order  that  the  acoustic  wave  In  fluid  4-  will  be  outgoing  rather 

than  Incoming;  however.  If  (kl)^  <  0  as  In  the  case  of  Eq.  (13)  or 

*  ^  ^  4* 

(17),  the  sign  ofK2  remains  unchanged  when  ®  >-  o),  since  K2  will 

then  still  correspond  to  attenuation  with  distance  away  from  the 
plate. 


Q(a)  -►  P(«>), 


(1-25) 


where  P((e)  Is  the  spectral  density  In  frequency  of  the  point  prefix- 
sure: 

P(<D)  -  .  (1-26) 

As  increases,  the  area  averaging  reduces  Q(a^  below  the  limiting 
value  P((d). 

If  the  spectral  density  of  averaging  pressure  Q(y,iD)  on 
an  area  of  the  inner  sturface  (y  L),  computed  from  P(ir,{u,y) 
^|r(C/o,y)|^pQ(C,«)^  via  (23)  and  (24) ,  is  rctgarded  as  representing 
t^  spectral  density  of  force  on  a  dome-housed  transducer  of  this 
area  according  to  the  present  model,  the  present  assuroption  of 
inpedance  2|^(k,(o)  over  the  entire  inner  surface  implies  the  assump¬ 
tion  that  the  result  is  not  seriously  affected  by  extending  the 
condition  over  the  transducer  face  as  well  as  the  area  surrounding 
it.  Similarly  if  Q^(«)) ,  the  spectrum  of  average  pressure  on  an  area 
of  the  flow-bounding  side  of  a  plate, is  regarded  as  representing 
the  corresponding  spectral  density  for  a  flush-mounted  transducer 
(with  the  inner  fluid  omitted  as  at  Eqs  (15) -(17)),  the  use  of  the 
plate  equation  with  inpedance  (1)  unmodified  for  the  separate 
transducer  insert  implies  the  assus^tion  that  the  result  is  not 
seriously  affected  on  this  account.  The  assumption  in  the  former 
(dome)  case  appears  reasonable.  In  the  latter  it  probably  is  in¬ 
valid  near  a  resonance  if  is  not  small  compared  to  the  resonant 
wave  length;  a  more  appropriate  approximation  will  be  introduced 
later  (Section  2.6.3). 

If  a  response  ratio  r(^,w)  reduces  to  a  function  r(k,u)), 
i.e. ,  is  Invariant  to  direction  in  the  plane  of  the  plate,  as  is 
true  for  all  responses  in  the  present  model,  Eqs.  (23)^24)  may  be 
written 

00 

Q(<«)  I^Ck.o)),  (1-27) 

o 
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vhere 


2ir 

=  f  dePg(K,»).  (1-28) 

O 

In  (27)  the  driving  pressure  is  characterized  by  the  factor  , 

the  system  response  by  M(k,u>),  and  the  area -averaging  process  by 
[2Jj^(kRQ) /kR^]^.  Likewise,  Eq.  (26)  may  be  written 

00 

P(ui)  =  J  dkkM(k,<o)I^(k,u>).  (1-29) 

o 

1.4  Approximate  Forms  for  Response  Spectra  Based  On  the  Character 
the  Excitation  Spectrum  and  or  the  Response  Function 

We  consider  spectra  of  force  and  pressure  at  the  inner 

surface,  designated  by  the  subscript  L.  First  we  discuss  briefly 

and  qualitatively  the  spectrum  of  driving  pressure,  I  (k,a)) ,  or 

In  an  approximation  common  to  a  fairly  general  class 
of  calculational  models  of  turbulent  boundary- layer  flow,  some 
convection  hypothesis  is  assumed  such  that  the  spectral  density 
Po(^>^) »  expressed  as  an  integral  over  distance  (y)  from  the 
bounding  wall,  derives  a  contribution  only  from  that  distance, 
if  any,  such  that  the  frequency  co  and  streamwise  wave  number  kj^ 
are  related  by 

=  a)/u(y)  , 

where  u(y)  is  the  mean  flow  velocity  at  the  distance  y.  In  such 
an  approximation  P^(Ic,w)  vanishes  unless 

kj  ^  (1-30) 

Clearly  any  model  that  assumes  pure  convection  of  velocity 
fluctuations  or  eddies  at  a  local  mean  flow  velocity  and  therefore 
yields  a  pressure  spectrum  P^(^,u>)  that  vanishes  for  k  <  is  in 

this  respect  only  approximate.  In  actuality,  there  must  be  a  com¬ 
ponent,  however  rapidly  decreasing,  that  extends  on  down  to  k  =  0. 

Its  magnitude  and  dependence  are  not  yet  known  and  will  not  be 

further  considered  here  except  for  the  following  remarks »  (see  also 
Section  2.5) . 
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Suppose  there  exists  a  wave  ntunber  k  =  k  (o))  such  that 

m  m' 

is  negligible  for  k  <  k^^^;  e.g.,  if  the  convection  hypothesis 
of  C30)  vere  accepted ,  one  could  take  k^  =  Then  for  suf¬ 

ficiently  large  that  »  l,Eq.  (23)  applied  to  the  excitation 
pressure  (I»Iq)  reduces  approximately  to 


-3_  2, 


^dkkCkR^)  ^cos^(kR^-37r/4)lQ(k,a)) 


-  (4/f  /  dkk‘^I^(k,(D) 


c 


(1-31) 


2 

where  the  asymptotic  form  of  is  used  in  the  first  step  and 
replaced  in  the  second  by  its  local  average  over  a  wave  number 
Interval  Ak  large  enough  that  Ak  »  R^”^  but  small  enough  that 
the  change  in  lQ(k,<o)  may  be  neglected.  Under  the  present  assump¬ 
tion,  the  area  scale  of  the  pressure  field,  being  proportional  to 

P  (lc,a)) ,  vanishes.  Correspondingly,  Eq.  (31)  shows  that  Q^(p) 

O  o 

decreases  not  as  R^*  but  as  As  noted  earlier,  however,  ex¬ 

perimental  evidence  on  the  area  dependence  of  average-pressure 
spectra  due  to  a  turbulent  boundary  layer  indicates  that  this 
dependence,  where  ^Rq/U^^  »  1,  is  more  nearly  as  R^”  (e.g.,  see 

Ref.  3).  The  implication  of  such  dependence  is  considered  in 
Section  2.5. 


It  is  a  common  approximation  in  treating  boundary- layer 
pressure  fluctuations  to  set  the  boundary  condition  that  the  normal 
derivative  3p/dy  vanishes  at  the  wall  (Ref.l).  To  the  extent  of 
the  validity  of  this  approximation,  it  can  be  shown  that  P  (0,a))-0 
without  use  of  assumptions  related  to  convection  (Refs.  1,18). 
Again,  however,  this  result  will  not  hold  exactly  for  the  actual 
flow.  In  any  event,  the  actual  lQ(k,to)  [see  (28)]  will  have  a 


A  vanishing  area  scale,  does  not  refer  to  vanish¬ 
ing  correlation  between  points  with  nonvanishing  spatial  separa¬ 
tion,  but  to  a  vanishing  area  Integral  of  the  correlation  function. 

The  vanishing  of  Pq(0,<J^)  is  removed  also  by  compressibility  (Ref. 

14)  and  by  inhomogeneity  of  the  flow  in  the  boundary  plane. 


\ 


maximum  at  k  =  say,  where  t)  is  somewhat  less  than  unity 

and  depends  on  On  the  low-wavenumber  side  of  the  broad  peak, 

Iq  will  decline  precipitately  near  k  =  and  on  the  high  side 

will  gradually  become  very  small  between  k  =  <J^/6v^,  the  convective 
value  of  kj^  at  the  edge  of  the  viscous  sublayer,  and  a)/8v^+v^/6v ,  where 
"6v/v^  is  roughly  the  thickness  of  the  viscous  sublayer  and  v^  is  the 
usual  friction  velocity,  which  is  of  the  order  of  the  rms  fluctuating 
velocity  (See  Figure  1-3) . 

It  is  assumed  here  that  the  spectmm  of  turbulent  pres¬ 
sure  remains  substantially  unaffected  by  the  resulting  vibration 
of  the  bounding  wall.  If  the  damping  of  this  wall  is  sufficiently 
small,  however,  this  approximation  must  fail;  in  particular,  if 
there  is  no  damping,  at  those  values  of  k,  co  for  which  the  spectral 
density  of  wall  displacement  per  unit  pressure  becomes  infinite  on 
account  of  a  resonance,  the  actual  spectral  density  of  turbulextt 
pressure  as  altered  by  the  interaction  must  vanish. 

With  regard  to  the  response  function  j  r(k,a),-L)  \  Mj^(k,co) 
of  the  present  model,  mentioned  earlier  and  considered  in  detail 
below,  it  possesses  a  resonant  spike  centered  at  some  k  «  k_(u>)  and 
with  some  half-width  &k.  The  height  and  sharpness  of  this  resonance 
decrease  with  increasing  damping  and  decreasing  plate  thickness  or 
membrane  tension.  In  thelimlt,  the  plate  or  membrane  loses  its 
dynamic  properties  and  becomes  merely  an  impervious  separator  of 
inner  and  outer  fluids.  In  this  case  the  attenuation  of  pressure 
by  the  dome  fluid  is  not  compromised  by  resonances  that  may  produce 
high  response.  The  resonant  wave  number,  as  this  limit  is  approached 
at  fixed  (io,  increases  without  limit.  With  actual  plates,  this  limit 
could  not  be  usefully  approached,  and  it  would  be  preferable  to 
choose  plate  parameters  merely  to  place  the  resonant  wave  number  k^ 
for  the  of  concern  well  on  the  lower  side  of  the  peak  in  the 
excitation  spectrum  lQ(k,ci)),  i.e.,  at  some  k^  »  On  the  other 

hand,  one  would  prefer  to  have  k  »a)/c’,  since  otherwise  the  reso- 
nant  wave  is  not  rapidly  attenuated  within  the  inner  fluid. 


These  considerations  apply  also  when  (0  >)  y  -L,  with  a 
suitable  lower  bound  on  |yj  . 

_ 

If  kr  <  w/c  ,  the  sound  wave  is  actually  propagated  in  the  inner 
fluid.  (If  kr  <  u>/c+,  we  recall,  there  is  an  added  contribution 
to  plate  damping  due  to  a  radiated  sound  wave  in  the  outer  medium.) 
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In  these  considerations  for  real  domes,  however,  the 
finiteness  of  the  dome  is  important,  as  seen  in  Part  2  to  follow. 
Specifically,  the  finite  size  effectively  diffuses  the  wave  number 
spectrum  l^(k,u))  of  noise  excitation  by  coi4>ling  it  for  each  k  to 
a  modal  response  fuxiction,  say  which  corresponds  to  a  wave 

number  k^  #  k  (Ref.  6  ) .  It  thereby  shifts  the  effective  mean  wave 
number  (i.e.,  the  mean  wave  nuniber  c.f  the  excitation  wei^ted  by 
the  response  function)  to  higher  values,  where  the  exciting  spec¬ 
trum  is  greater.  Further  consideration  is  deferred  to  Part  2. 

If  resonance  occurs  at  a  k^  <  i.e.,  below  the 

range  of  large  and  rapidly  varying  lQ(k,a>),  the  frequency  spectrum 
of  average  pressure  at  the  inner  surface,  Q^(^)  given  by  (27), 
may  be  approximated  roughly,  assuming  a  pronounced  resonance  in 
ML(k,a)),  as 


(1-32) 


with 


(l'33a) 


and  Q^(9)  the  same  as  the  original  integral  (27)  for  Q^(^)  but 
with  the  interval  of  k  near  resonance  omitted.  The  resonant  con¬ 
tribution  (33a)  can  be  further  simplified  if  the  resonance  width 
26k  and  the  approximate  width  irR^  of  a  loop  of  (kR^)  are  highly 
disparate. 


If  k^R^  »  1,  we  have 


00 

Qj(a))  (WT)R;h;\(k^,o,)J  dkML(k,to) 


<  W  lo‘  ’’r 


o>) 


if  DkRj,  »  1 


if  nkR^  «  1, 


(l-33b) 


where  an  approximation  similar  to  that  in  (31)  is  used  in  the  first 
instance.  If  k^R^  «  1,  we  may  write  instead 


00 

qI(oS)  kyl^(kj.,a))  J dkSij^(k,o>). 


(l-33c) 
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The  high-  and  low-wavenumber  contributions  to  the  non- 
rescnant  part  of  (32)  can  be  estimated  In  order  of  magnitude 
In  terms  of  the  high-  and  low-wavenumber  parts  of  •  We  defer 

consideration  of  the  low-wavenumber  contribution  to  Part  2,  where 
a  leterally  finite  dome  is  treated.  As  for  the  high-waventmiber 
part,  say  (^,  defined  as  due  to  waventimbers  k  >  let  the 

wave  nuniber  at  the  peak  of  kl^(^k,a>) ,  or  of  k’^I^(k,a>)  if  an  average 
over  the  factor  [2Jj^(kRQ)/kRQ]*’  is  appropriate  at  the  in  ques¬ 
tion,  be  denoted  by  Then,  evaluating  the  factor  M|^  In  the 

integrand  at  this  peak  and  extending  the  integration  over  all  k, 
we  obtain  a  slnq»le  product  with  the  corresponding  part,  say  Qq^ 
due  to  wave  numbers  k  >  In  the  average-pressiire  spectrum 
QqCco)  on  a  fltish  element  of  the  same  size: 

Ql+Co))  ^  (1-34) 

In  approximations  (33b)  or  (33c)  for  the  resonance  con¬ 
tribution,  pertinent  to  the  response  function  M.  we  need  only 


;  dkML(k,a>), 

which  will  be  given  below.  With  reference  to  the  excitation  spectrum, 
for  the  resonance  contributions  we  need  lQ(k^,a)),  which,  since 
k^  <  u)/u  ,  we  ara  presently  at  a  loss  to  estimate  reliably. 

We  note  that  It  would  not  do,  If  one  thinks  the  resonance 
contribution  may  be  significant,  to  assume  for  the  space-time  auto¬ 
correlation  function  of  the  turbulent  pressure  some  arbitrary, 
grossly  plausible  form,  as  for  example 

(1-35) 

where  (Cj^,^^)  represents  the  vector  separation  of  the  correlated 
points  on  the  wall,  t  the  time  difference,  and  an  effective 
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convection  velocity.  For  such  an  assumption  yields  a  definite 
dependence  of  l^CkyOD)  on  k  in  the  region  of  is^ortance^  l.e.,  at 
k  s  k^  «  In  the  tall  of  the  spectnqi,  which  has  no  rational 
basis  and  probably  gives  too  large  a  value  (see  also  Appendix  5) . 

.1.5  The  Response  Fuc..-;tlon  and  Its  Resonance  Properties 

Near  resonance  the  form  (13)  Is  appropriate  for  r(k,a>,y) , 
or  more  generally  Eq.  (10)  or  Appendix  1,  Eq.  (13c).  From  (1), 
appropriate  when  the  Impedance  at  the  Inner  surface  Is  not  too  low, 
writing  the  dcxne-cover  inqpedance  as 

z(k,a))  =  R  +  iX, 


where  by  (1) 


R  =  oo6(q^C+p/a>) ,  X  =  oa)(q^-l) , 


(1-36) 


we  have 

^  ^  ch[K2(yH-L)->^] _ _ 

~  ch^  +  sh^[(K2p'*’/K5/p')-XK2/p‘a>3  +  ish^(RK2/p'aj)  * 

If  the  dome  damping  Is  moderate  and  the  depth  jyj  not  too  great, 
In  the  neighborhood  of  resonance  r(k,a>,y)  can  be  approximated  by 
the  standard  resonance  form 


(1-38) 

where  b(a>)  and  the  half  width  6k(a))  may  be  regarded  as  roughly 
Independent  of  k.  Then  M,  given  by 

2 

M(k,a),y)  «  |r(k,m,y)r^ - N  ■;  --T  , 

I  I  (k-k^)%(6k)^ 

attains  a  maximum  roughly  where  ksk^(cu)  .  if  the  real  part  of  the 
denominator  of  (37)  Is  denoted  for  a  given  U)  by  D(k)  and  evaluation 
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of  functions  at  Is  specified  by  a  subscript  r  and  differen¬ 

tiation  with  respect  to  k  by  a  prime,  Eqs.  (37)  and  (38)  yield 

ch[It^(y+I.)43]  «h8_(R^;_/p‘  (o) 

’’  * - - > 

and  is  given  by  the  equation  D(k^)«0. 

We  now  assume  p**"  »  p”,  c"**  »  c“.  Eqs.  (36) -(38)  then 
yield  for  k^  the  equation 

A 

=  1  +  2/K2rh(l-e’^®r) .  (1-38.1) 

If  we  suppose  that  at  resonance  we  shall  have  •  ^2n^  +  a  >  1, 
(38.1)  reduces  approximately  to 


<»  1  +  2/K2^h 


and  (37)  to 


2e~  ch[K2(y+l)+a] 

2-(a(2/pU))+l(RK2^P^^  * 


(1-39) 


(1-40) 


This  approximation  together  with  (38) ,  when  the  dome  cover  is  a 
plate,  yields  also 


b  2k^^K2r(k/h)  ^(5K2r  +  ku)^)  V®^ch[K2r(y+L)4] , 


(1-41) 

6k  kQ^K2r^k^’^(5K^^+kyj^)  » 

where  k^^i  (u/c.  Eq.  (39)  is  seen  to  inqply  that  k^.  >  k^,  i.e.,  the 
presence  of  the  fluids  bounding  the  plate  decreases  the  resonant 
wave  length,  as  expected  for  higher  mass  loading. 
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2  2 

Up  to  moderately  high  frequency,  we  may  assume  s  »  Ko 
in  order  to  obtein  from  (41)  the  oore  trensparent  foma 

b  (2/5)  (h+2kj.  e  ch[K2r (y+L)  . 


Ok  (l/5)kj.[C+0/:o)  (1+2/kj.h) "^] . 


(1-42) 


in  which  the  exact  form  K2j.»(k^^-l^^)  Is  retained  only  In  the 
exponential  functions.  In  the  approximation  of  (42)  It  la  further 
found  that  the  Integral  appearing  In  Eq.  (33b)  end  (33c)  la  given  by 

00 

I  dkH(k,<u,-L)  «  (r/25)(l+e“^^(h+2k“S“^ 
o  (1-43) 

X  exp(-2K2pL)(ek)'^. 

In  the  case  where  the  Inner  surface  has  low  Impedance  and 
Eq.  (37)  Is  replaced  by  the  corresponding  equation  based  on  Eq. 

(13c)  of  i^pendlx  1,  In  the  approximation  where  1*  <ina- 

logous  to  the  approximation  of  Eq.  (40) ,  k^  and  Ok  are  given  by  the 
same  equations  as  before,  and  b  differs  from  that  given  by  Eqs.  (41) 
or  (42)  only  In  having  @j.[*K2j.L+^]  replaced  by  K2r^'^ 


ch[K2r(y+L)+^]  by  8h[K2y(y+L)+^ .  (1-44) 


To  approximate  k^,  suppose  first  that  the  dome  parameters 
and  frequency  have  values  such  that 

K2rh  «  1  «nd  k^^  »  (1-45) 

then  (39)  becomes 

In  the  case  of  the  plate,  by  definitions  (5),  the  desired  resonant 
wave  number  Is  thus  given  by 


(1-46) 


(1-47) 


The  first  of  aisuaptlons  (45)  Is  thus  equivalent  to 

k^h  «<  2^/5 «  1  or  k^h  «  1; 
by  Iqa  (6)  and  (3)  «•  have 

ko**  ■  «*o/ct)  ^^^16(1-0^  jl/*.  (1-A8) 

As  a  nuoarical  exanple  to  indicate  the  magnitudes  of  the 
quantities  in  (45)  and  (47) ,  consider  a  steel  plate  of  thickness 
h^  -  0.25  in.  with  water  on  each  side.  We  find 

a^  -  8.5  m^/sec,  -  0.86(a)/2v)^/V^.  k^h  -  0.042(a)/2ir)^/2, 

-  0.0041(<u/2T)m~^,  with  o)/2ir  in  cps.  At  3.5  kc,  for  example,*  ' 
we  have 

k^  -  50.9  m"^,  “  14.6  m"^,  k^h  *  2.5, 

so  that  condition  (47)  no  longer  holds  at  frequencies  as  high  as 
this. 

In  the  case  of  the  membrane,  again  assuming  (45),  Eq. 

(39)  yields 

kr«k„(2/k^l»)l/^.  (1-49) 

A  perturbation  procedure  may  be  used  to  obtain  the  maxi¬ 
mum  of  M(k/o^y)  more  exactly  than  given  by  (39).  The  results  are 
of  too  little  Interest  to  be  quoted  here.  If  L  is  too  large  or  C 
or  8h/u  is  insufficiently  small,  however,  specifically  if  k^L^  5/2C 
when  2C/kyh^  p/o)  or  if  k^L  ^  5/[k^hO/a))]  when  2C/kj.h  ^  P/“j  then 
has  no  resonance  maxlxBum  at  all;  the  resonant  contributions  afe 
obliterated  by  exponential  attenuation  within  the  fluid,  and  contri¬ 
bution  from  low  wave  nunibers  is  no  longer  correctly  described  by 
Eqs.  (33a) -(33c;*  in  this  uituatlcn,  however,  these  contributions 
tend  to  be  unimportant. 


if - 

The  relation  (47)  nevertheless  holds  in  much  of  the  limited  re¬ 
gime  where  the  thln-plate  treatment  is  strictly  valid  (kh^  «1)  and 

the  earlier  assumption  k  >  k^  holds,  since  k^  >  k.,  whence  k  h  = 

«  fjf-  r  0  o 


If  the  mass  density  of  the  plate  (or  membrane)  is  not 
sufficiently  low  or  Its  stiffness  sufficiently  high,  the  condition 
(47)',  In  view  of  (48),  Is  not  satisfied.  From  (39),  In  the  opposite 
limit,  where 


K2rh  »  1, 


(1-50) 


we  have  simply 


k  ^  k 

Kr  Kq 


2 


f". 


(1-51) 


(plate  n=4,  membrane  n=2)  or  simply  i*e.,  the  resonrnt 

k  Is  nearly  that  for  an  Isolated  plate.  In  view  of  the  small 
fractional  power  Involved  In  Eq.  (46)  for  the  opposite  limit.  It 
Is  clear  that,  except  at  very  low  frequency,  Is  larger  than  k^ 
by  only  a  modest  factor.  For  arbitrary  k^h,  k^ls  given  Implicitly 
from  (39)  by 


•'r  =  > 


(1-52) 


where  n  =  4  for  a  plate  and  n  =  2  for  a  membrane. 

It  Is  pertinent  to  dome  design  for  control  of  resonant 
noise  to  consider  the  effect  on  the  resonant  wavenumber  k^  of 
variation  of  the  dome  parameters.  As  the  relative  stiffness 
parameter  a^  of  the  plate  Is  Increased  at  fixed  density  p^, 
either  by  Increasing  thickness  h^  or  shear  velocity  c^(see  Eq.  (3)), 
or  as  the  tension  In  the  membrane  Is  Increased  at  fixed  area  den¬ 
sity  a  (see  Eq.  (4)),  for  a  given  cu  we  have  k^  ->  0  and  k^  k^. 

From  (38.1)  (assuming  a  -  0),  for  k^/k^^  «  1  we  find.  In  fact. 


^  1/2 

kr  -  +(k2hL)-^k„/kj") 

if  4(L/h)(k^/k;„)''  «  1,  and 

kr  -  k<„ri  +  4(k„h)-2(k„/kj2"]l/2 
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if  ^(L/h)  (k^/k^)”  ^  1;  in  the  extreme  limit  of  k^/k^  ->  0,  the 
former  becomes 

[I  +(2‘V„^)"HV''<i)>")>  (^53) 

with  n  >  4  for  a  plate  and  n  -  2  for  a  membrane.  On  the  other 
hand,  for  a  plate,  if  the  thickness  h^  ->  0  at  fixod  density  and 
elastic  properties,  we  have  from  (3)  and  (6)  that  k^  oc  « 

and,  from  (46), 


kr  «0  ^ 

In  this  limit  where  h^  0,  the  plate  iiiq>edance  vanishes.  Thus, 
as  the  limit  of  a  fluid  dome  is  approached,  the  resonant  wave 
nufld>er  increases  without  limit.  For  a  membrane,  if  the  mass  per 
xmit  area  a  ^  0,  from  (49)  we  have 

k^  ->  (ZpOi^T)^/^. 

If  T  remains  fixed  in  this  limit,  we  have  k^  =  u)(a/T)^^^  ->  0  and 
k^  ■*  const  4  0,  but  if  T  0  also,  corresponding  to  a  limit  of 
vanishing  membrane  impedance,  we  again  have  k^  <»  as  a  fluid 
dome  is  approached. 

In  addition  to  the  resonance  considered  above,  at  which 
the  denominator  of  (13)  vanishes  except  for  the  imaginary,  intrinsic 
dome-cover  damping  term  and  which  occurs  at  a  k=kj.  such  that  k^  >  k^ 
and  kj,  >  k^,  another  relative  maximum  in  F  may  occur  at  a  k  =  k^, 
say,  such  that  k^  <  and  k^  <  k^,  at  which  the  denominator  of  (12) 
vanishes  except  for  the  imaginary  part.  In  this  case,  however,  the 
imaginary  part,  in  addition  to  intrinsic  dome  damping  term,  contains 
a  term  -sin0  corresponding  to  danqping  by  radiation  of  energy  into 
the  outer  medium.  The  value  k^  is  given  from  (12)  by  the  equation 


=  1  -  cos  9;/k'j.h 


(1-53.1) 
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(cf.  (38.1))  yitiere  denotes  q  evaluated  for  and  likewise 
for  k2j.  and  9^.  Eq  (53.1)  can  be  satisfied  only  If 


kjj.htan0^  >  1.  (1-53.2) 

The  corresponding  maximum  of  |r| ,  even  for  negligible  dome  damping 
(^3^0) ,  satisfies  approximately* 


Thus  this  value  corresponds  to  a  large  amplification  of  the  driving 
pressure  only  if  0^  £  (k^j^-k^^)  +  a  «  1.  Assuming  0*^0,  this 
condition  together  with  (53.2)  would  imply 


cuh/c  »  1,  i.e.,  cua/pc  »  1.  (1-53.3) 

Condition  (53.3)  Is  not  satisfied  for  reasonable  cover  mass  at 
frequencies  of  concern,  since  In  the  present  context  p  refers  to 
water  (cf.  air).  Accordingly,  we  do  not  further  consider  this  type 
of  resonance . 

It  will  be  pertinent  in  Part  2  to  consider  also  the  reso¬ 
nant  behavior  of  r(k,y,cu)  as  a  function  of  frequency  for  a  given 
exciting  wave  number  k.  Analogously  to  (38),  then,  we  write  for  u> 

In  the  neighborhood  of  resonance 


r(k,tu,y)  —  +lb<jo  * 


B 


(1-54) 


The  maximum,  of  course,  does  not  occur  exactly  where  the  real  part 
of  the  denominator  vanishes.  One  may  usefully  plot  the  denominator 
of  r  In  the  complex  plane  with  k  as  a  parameter. 
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where  B(k)  and  the  half-width  &e>(k)  are  regarded  as  roughly  in¬ 
dependent  of  0)  .  The  resonant  frequency  Is  again  given  by  Eq. 
(39)  where  a  subscript  r  now  denotes  evaluation  at  with  the 
given  k.  Ve  let  to^Ck)  denote  the  resonant  frequency  for  the  iso¬ 
lated  plate  or  BMBd>rane  at  ifave  nusaber  k: 


(pl»te) 

(D  s< 

O 

c^k  (tnembrane) . 

2 

Then  from  (39) ,  similarly  to  (52) ,  since  now  q^ 
is  given  implicitly  by 


(l-S-)) 


Corresponding  to  the  approximation  (51)  when  K2j.h  »  1,  we  have 


(0  Oi  O)^ 

r  0 


1 


1+2  / 


(k2-(a)^/c) 


1/2  -1/2 


- 

1 


(1“57) 


On  assuiiq>tion  that  the  k  of  concern  is  such  that  k  »  simple 
expressions  may  be  written  for  B  and  6cd  of  (54)  analogcn;sly  to  (42) : 


-1  -1  “  A 

B-a)^(kh)  ^(i+2/kh)  S  ch[K2r(y+L)-i^] , 


c-ii)\  ic+(e/V(i+2/kh)'i) 


(1-58) 


In  the  case  where  the  inner  surface  has  low  impedance,  and  again 
K2rL+^^^i  the  quantities  and  5'i)  are  still  as  given  above  and 
B  differs  by  the  replacement  stated  at  (44) . 


H - 

If  the  damping  and  hence  also  are  sufficiently  small,  the  mag¬ 
nitude  of  the  half-width  5u)  becomes  of  less  interest  than  a  fre¬ 
quency  width  defined  as  that  fraction  of  cu  over  which  r  exceeds 
its  neighboring  nonresonant  level  by  a  factor  large  enough  that 
the  resonance  contribution  is  significant. 
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At  wave  numbers  high  above  resonance  such  that  k  » 

(>k^  and  kL  »  1,  the  response  ftmction  for  a  high  or  low-ln^e- 
dance  inner  surface,  by  Eq.  (5)  and  (13)  or  Appendix  1,  Eq.  (I3c) , 
respectively,  becomes  approximately 


r(k,y)  2; 


'2e"*^ch[k(y+L)+5](kQ/k)^(kh‘)'^ 

2e-*^sh[k(y+L)+7](k^/k)*'(kh*)*^ 


(1-59) 


where  n  =  4  for  a  plate  and  n  =  2  for  a  membrane  and,  we  recall, 
h"  =  a/p*. 

In  the  nonresonant  contribution  Eq.  (34),  the  requisite 
response  fxuiction  evaluated  at  the  wave  number  of  peak  excitation 
aj/T)Uj^  =  k^  is  given,  assuming  k^  «  k^,  by  the  former  of  Eqs.  (59)  as 


1  -2  « 

ML(k^.<^)  -  (l-e*2“)  exp(.2k^L)(k^h*)  (k^/k^)^”  (1-60) 

(plate  n  =  4,  membrane  n  =  2) .  For  typical  parameters,  the  value  of 
this  response  function  is  extremely  small,  but  in  the  case  of  a 
strictly  finite  dome  its  value  will  no  longer  determine  the  response 
to  excitation  even  at  the  high  wave  numbers  (^/U„)  . 

In  the  present  infinite-dome  case,  the  efficacy  of  in¬ 
creasing  the  damping  parameters  C  and  f  to  reduce  the  response 
evidently  depends,  in  view  of  Eq.  (32)-(34)  and  (44)-(52),  on 
whether  the  "tail"  value  of  the  excitation  spectrum,  lQ(kj.,<«),  is 
large  enough  that  the  resonant  contribution  predominates  in  the 
transmitted  pressure. 

For  reference  in  Part  2,  we  record  the  response  co¬ 
efficient  r  for  a  few  special  cases.  For  a  fluid  dome  we  have 


z(k,u))  =  0  (1-61) 

In  this  case  r(k,cu,y)  displays  no  resonance  behavior  at  any  k.  In 
the  important  special  case  of  a  fluid  dome  with  equivalent  interior 
and  exterior  fludis,  i.e.,  with  p  =  p  =  p  and  c  =  c  r  c,  we 
have  from  (9)  and  (10) 
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|e  cos[k2(y'*'^)'^] 


r(k.a).y)  = 


ch[X2(74L)4d) 


or  in  cose  of  a  low-lapedsnce  inner  surface, 
(Uc)  and  (I3d), 


(1-62) 

(k>JSo) 

by  Appendix  1,  Eqs. 


r(k,a),y) 


l(k2L+*y) 

-ie  sin[k2(y+L)-Fyl 

-(K,Ih^  a 

e  ^  sh[K2(y+L)+7] 


(k<V 


(k>kbP 


(1-63) 


In  which  7  or  7  now  characterizes  or  in  case  of  an  infinite 
inner  fluid,  by  Appendix  1,  Eqs.  (13e)  and  (13f) , 


(l/2)e 


r(k,a),y) 


(l/2)e 


-k2y 


(k<k^) 

(k>kj 


(1-63.1) 


1.6  Average  Pressure  on  a  Non-Rigid  Flow-Bounding  Surface 

The  work  of  Section  1.5  for  a  dome -shielded  area  may  be 
carried  through  similarly  with  respect  to  an  area  in  the  outer 
surface,  on  which  the  average  pressure  due  to  flow  noise  is  al¬ 
tered  by  the  acoustic  field  produced  outside  by  the  flexible  plate 
or  membrane. 

In  this  case  the  net  pressure  on  the  plate  is  the  sum 
of  the  flow-noise  pressure  and  the  acoustic  pressure  Just  outside 
the  plate,  whence  the  spectrel  density  is  given  by 


P^(I?,cu)  «  Mi(k,co)p^(l?,a)), 

Mi(k,co)  =  |l+ri(k,a))p, 

with  given  by  Eqs.  (16) -(17).  If  the  resonance  contribution 
to  the  spectrum  of  total  average  pressure  is  significant  at  all. 


we  auBt  have  jr||  »  1  af.  resonance.  In  such  a  case  the  average- 
pressure  spectrja  oay  be  approxlaated  analogously  to 

for  the  Inner  surface  of  a  dooe  as  at  Eqs.  (32) -(33)  by  replacing 
K(k$D)  In  (33a)-(33c)  by|r,(kp))p  and  replacing  M,  (n/ryU  /o)  In 
(34)  by  |l+r^(«»/T)U^,03)j2. 

Analogously  to  (37) ,  we  may  write  by  (15)  as 


r^(k,<i3) 


-1 


(1-64) 


In  the  neighborhood  of  a  resonance,  we  may  write  analogously  to 
(38) 

ri(k,(D)  ^  (1-65) 

and  analogously  to  (54) 

rj^(k,cu)  —  ci>-a>^j^+ibaij^  *  (1-66) 


Coiqparlson  of  (64)  with  (40)  then  shows  that  the  quantities  k^j^, 
6k^,  b^,  6(0^,  can  be  obtained  from  the  expressions  pre¬ 

viously  given  for  their  counterparts  k^,,  6k,  b,  6<w,  b  by  re¬ 
placing  p  wherever  it  appears  by  p/2,  and  hence  also  h  by  2h,  and 
also  replacing  k^.  by  k^j^  [e.g.,  in  expressions  (42)1,  by  cd^j^, 
and  setting  L>4t-0.  In  particular,  the  relation  for  k^j^  analogous 


to  (39)  is 


(1-67) 


where  ■  <l(k-k^j^)  and  *  Similarly,  analogously 

to  (43) 

J dk  |rj(k.4p  -  (w/25)  [h+k^jl  I  (Ski)  ,  <1-68) 
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As,  s#as  true  for  the  pressure  interior  to  a.  daae,  a  resonsnce 
tsiwiM  of  jr^l  mmj  occur  st  a  such  that  <  1^,  for  which 

the  doae  damping  is  suppleaented  by  deifying  due  to  radiation  into 
the  outer  aediua  (fq.  (16)].  It  occurs*  according  to  (16),  roughly 
«t  kJ.j  ^  and  hencr^  only  if  <  k^^.  The  value  of  |rj|  at  this 
■axiaua  sharply  exceeds  neighboring  nonresonant  values  if 

2  2  1/2  w 

<v-v> '  •*  »  1*  a  condition  that  inplies  (53.3);  even  if  this 
condition  is  satisfied,  however,  stilljrj  <  I  at  the  oaaximum.  We 
do  not  further  consider  this  type  of  resonance.^ 

From  Eq.  (16)«at  wave  numbers  high  above  resonance 
(k  »  k^p  the  response  function  becomes,  analogously  to  (59)^ 

ri(k.<.)  O'  (kh)‘'(k^/k)"  (1-69) 

(plate  n«4,  membrane  n«2). 

If  the  wave  number  of  resonance  lies  well  below  that  of 
the  peak  excitation,  i.e. ,  k^^  «  k^(5u>/TjLI^) ,  the  non-resonant  Hod- 
ificatUn  due  to  in  the  factor  |l+rj^(u>/TiU^,CD)]2  is  small  since  in 
this  case.by  (69)  . 

riOt^.o.)  (kuh)-l(ko/k„)"  «  1 

[c£.  (60)]. 

1. 7  Focusing  Effect 

If  the  dome  surface  is  not  planar,  as  assumed  in  the 
present  model,  but  has  proi<.;unced  curvature,  a  focusing  effect 
can  occur  that  will  increase  the  pressure  or  force  on  an  interior 
area  over  the  value  for  the  planar  case.  For  example,  if  the 
dome  surface  over  which  the  exciting  flow  passes  is  circular- 
cylindrical  and  the  inner  surface  shielded  by  the  interior  fluid 
is  also  cylindrical  and  concentric,  whether  the  flow  passes  paral¬ 
lel  or  normal  to  the  elements  of  the  cylinder,  the  acoustic  pres¬ 
sure  at  the  inner  surface  is  amplified  by  the  square  root  of  the 
ratio  of  the  radii  of  the  outer  and  inner  cylinders. 


In  the  context  of  radiation  into  air  by  a  vibrating  plate,  such 
resonances  require  and  receive  consideration. 
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PART  2 

DOMES  OF  FINITE  EXTENT 


2.1  Introduction 

In  Part  1  a  simplified  model  of  a  sonar  done  with  trans¬ 
ducer  (and  of  a  flexible  plate  with  flush-mounted  transducer)  was 
studied  with  regard  to  the  pressure  fluctuations  on  the  transducer 
that  originate  from  the  turbulent  boundary -layer  flow  and  are 
transmitted  by  excitation  of  dome  vibration  and  generation  of 
sound  in  the  interior  (or  exterior)  fluid.  The  dome  (or  plate)  in 
part  1  was  considered  to  be  of  infinite  lateral  extent. 

In  the  present  part,  the  same  basic  simplified  model  Is 
assumed,  but  the  dome  and  the  interior  fluid  are  taken  to  be  finite, 
being  bounded  by  a  cylindrical  wall  on  which  a  fixed- impedance  con¬ 
dition  is  assumed  to  apply  (see  Figure  2-1)  .  Much  of  the  pertinent 
development  is  contained  in  Appendix  2,  and  results  therefrom  will 
be  taken  without  discussion. 

In  the  case  of  the  infinite  dome,  suppose  the  dome  param¬ 
eters  (plate  thickness,  etc.)  are  so  chosen  that,  for  a  fixed  oper¬ 
ating  frequency  co,  the  acoustic  resonance  of  the  plate  fluid  system 
lies  at  a  lateral  (x,z)  wave  number  k^.  substantially  below  the  peak 
of  the  wave  number  spectrum  of  lateral  pressure  fluctuations  due  to 
the  turbulent  boundary  layer,  t.e.,  k^  <  Then,  as  pointed 

out.  in  Part  1,  unless  the  damping  at  resonance  Is  very  small,  the 
pressure  fluctuations  transmitted  through  the  dome  and  Interior 
fluid  to  the  transducer  are  highly  attenuated  relative  to  the  ex- 
citing  fluctuations  on  the  outer  surface.  In  the  case  of  the 
finite  dome,  on  the  other  hand,  the  excitation  spectrum  at  wave 
numbers  near  its  peak  is  coupled  (by  "functional  overlap")  to  the 
response  function  at  much  lower  modal  wave  numbers  lying  near  res¬ 
onance  or  corresponding  to  propagating  waves.  Hence  the  transmitted 
pressure  can  be  much  larger  than  for  an  Infinite  dome,  and  can  de¬ 
pend  differently  on  the  properties  and  parameters  of  the  dome  and 
the  turbulent  flow. 


*It  may  be  said  that  the  wave  number  spectra  of  the  excitation  and 
of  the  response  are  highly  mismatched. 
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FiXEO-iMPCOANCE  SURFACE 


FIGURE  2-1.  FINITE  DOME-MODEL  GEOMETRY. 


FIGURE  2-2.  PLANE  OF  EXCITATION  WAVE  NUMBERS  k  AND  MODAL 
WAVE  NUMBERS  kn  IDEOTIFYING  REGIONS  TO  BE 
RETAINED  OR  NEGLECTED. 
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2.2  General  Relations  Between  Reeponee  and  Excitation- Pressure  Spectra 

Let  A  denote  the  croaa-sectlrm  of  the  cylindrical  dome 
(not  necessarily  circular)  and  T[  the  two-dimensional  position  vector 
of  a  point  In  the  cross  section.  Let  denote  a  complete  set 

of  orthonormal  eigenfunctions  of  the  two-dl^nslonal  Helmholz 
equation  that  satisfy  the  boundary  condition  prescrloed  on  the  bound¬ 
ary  of  A  (l.e.,  on  the  lateral  wall  of  the  dome): 

-  0.  (2-1) 

Consider  a  random  fluctuating  pressure  on  the  outer 
(yM))  end  of  the  cylinder  (l.e.,  on  the  outer  surface  of  the  dome) 
and  assume  It  stationary  In  time  and  space  with  a  spectral  density 
In  wave  number  and  frequency  P^(1c,<d)  ] . 

For  any  particular  realization  of  the  random  pressure 
field  let  the  spatial  dependence  of  the  exciting  pressure  at  a 
given  frequency  be  expanded  In  normal  modes  as 

p^(R)  -  Z  b^X^(K).  (2-2) 

Any  response  quantity  of  Interest,  say  the  pressure  at  a  depth  -y 
within  the  dome,  has  a  similar  expansion: 


p(K,y)  .  Z  e^g„(y)X„(R),  W-3) 

In  which  g^(y)  la  defined  to  satisfy  the  one -dimensional  Helmholtz 
equation 

[d2/dy2  +  gnW"®  (2-*) 

and  the  boundary  condition  at  y  «-  L,  and  Is  arbitrarily  normalized 
to  gj^(O)  -  1;  Bqs.  (4)* and  (1)  ensure  that  p(lR,y)  as  given  by  (3) 
satisfies,  as  required,  the  three-dimensional  Helnfioltz  equation 

(2-5) 

(The  tt^dependence  of  such  quantities  as  g^(y)  la  here  being  sup- 
preased.)  The  coefficients  0^  In  (3)  are  determined  by  the  excita¬ 
tion  coefficients  b^  of  (2)  and  the  boundary  condition  for  the 

An  equation  referred  to  by  a  number  without  hyphenated  prefix  Is 
tlj^  ^y[^^apt^(^^or  2)  as  the  reference;  e.g.,(4)  here  denotes 
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acoustic  field  on  the  baffle  surrounding  the  outer  dome  surface 
and  bounding  with  it  the  exterior  fluid.  The  relation  is  c  linear 
one  which  we  may  write 


0 


n 


Z  7  b 


ns  6 


(2-6) 


The  coefficients  7^^  will  be  considered  subsequently  for  a  sim¬ 
plified  form  of  the  dynamic -acoustic  model. 


The  cross -correlation  of  pressure  at  two  points  and 
at  the  same  depth  (-y)  and  time,  per  unit  frequency  range,  Is 
found  by  straightforward  use  of  Fourier  transforms  and  the  above 
equations  to  be  given  by 


(2-7) 


where 


•,(«t)  -  / d^Re‘'''^*(It).  (2-8) 

A 

Hence,  the  frequency  spectrum  of  the  average  pressure  on  any  plane 
area  at  depth  -y  Is  given  by 


Q(a),y)  =  Al^j  d\J 


o  o 


(2-9) 


;  [d^  qCk,%7). 

Both  gjj(y)  and  7^^^  here  depend  on  According  to  Eq.  (9)  the 
response  at  lateral  wave  number  k  to  a  driving  pressure  at  k  , 
reflected  in  coupled  to  the  excitation  spectrum  at 

wave  number  k,  given  by  P^(k/u),  by  an  overlap  coefficient,  a  (k) , 
between  wave  numbers  k  and  k^. 
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2.2.1  Elements  with  Fluid  Boots 


We  digress  here  from  domes  to  note  other  results  of 
interest.  If  the  averaging  area  is  coextensive  with  the  cylinder 
cross  section  (Aq=A)  and  the  wall  is  rigid,  then  in  Eq.  (9),  by 
orthogonality  of  modes , 

1  =  0  (Ag.A,  1^0) 

*0 

_  1  /O 

for  all  modes  except  the  piston  mode  Xq(E^)=A  '  .  I.n  this  in¬ 
stance  the  average  pressure  at  any  y,  formed  by  integrating  Eq. 

(3)  over  the  cross  section  [cf.  Eq.  (9)],  is  due  solely  to  this 
piston  irode.  Likewise,  the  ratio  of  the  average  pressure  (or 
frequency  spectrum  thereof)  at  any  depth  (y  <  0)  to  that,  say, 
just  inside  the  outer  surface  at  y=0  is  independent  of  the  source 
or  wavenumber  distribution  of  the  exciting  pressure,  since,  by 
use  of  Eq.  (3),  this  ratio  is  simply  g^Cy) . 

Hence,  if  a  flush- mounted  transducer  incorporates  a  co-ex 
tensive  boot  over  its  face  that  is  equivalent  to  a  fluid  and  has  rig 
idly  constrained  sides,  and  if  the  transducer  properly  measures  the 
force  (in  a  given  frequency  band)  integrated  over  its  active 
face,  the  signal-to-noise  ratio  is  expected  to  be  independent 
of  the  thickness  of  the  boot.  This  result  does  not  strictly 
apply  to  the  limiting  case  of  no  boot,  however,  for  the  follow¬ 
ing  reason.  The  noted  lack  of  dependence  on  excitation  wave 
number  is  displayed  by  the  depth  dependence  of  the  averaged  in¬ 
terior  pressure  .  The  latter,  ju5t  inside  the  outer  face 
(y=0_) ,  is  equal  to  the  sum  of  the  averaged  exciting  pressure 
and  exterior  radiation  pressure.  For  fixed  excitation  pressure, 
i.e.,  fixed  force  on  a  bootless  flush  element,  this  radiation 
pressure  due  to  the  outer  acoustic  field  excited  by  surface 
vibration  of  the  fluid  boot  is  wavenumber- dependent .  Hence 


This  independence  of  wave  number  noted  for  the  area-averaged 
interior  pressure  can  be  shown  to  apply  similarly  under  certain 
boundary  conditions  when  the  cylinder  is  an  elastic  solid  in¬ 
stead  of  a  fluid.  Possible  boundary  conditions  include  those 
where  the  sides  are  rigid  but  slippery  and  so  also  is  the 
inner  face. 
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the  ratio  of  interior  pressure  to  excitation  pressure  is  also  wave¬ 
number  dependent.  But  this  ratio  is  just  the  ratio  of  the  response 
of  a  booted  element  to  the  response  of  a  bootless  element.  Since 
noise  and  signal  have  greatly  different  waveniunber  spectra,  the 
signal-to-noise  ratios  for  bootless  and  booted  elements  may  thus 
differ  same\diat. 

If  the  fluid  cylinder  has  sides  that  are  not  rigid 
but  instead  approach  pressure  release,  the  interior  pressure 
averaged  over  the  cross-section  is  no  longer  due  to  a  single 
acoustic  mode,  and  its  depth  dependence  becomes  wavenumber 
dependent.  In  particular,  the  average  pressure  at  greater 
depths  is  relatively  smaller  for  higher  wave  numbers,  since 
average-pressure-carrying  modes  excited  by  the  higher  wave 
numbers  are  more  weighted  toward  higher  modes  that  damp  out 
more  rapidly  with  depth.  Hence  in  this  instance  the  signal- 
to-noise  ratio  for  a  booted  element  is  expected  to  increase 
with  boot  thickness.* 


The  decreasing  impedance  of  such  an  element  is  unwelcome  in 
signal  transmission,  however. 
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2.2.2  Circular  Cylindrical  Dome 

Vfe  now  consider  specifically  a  circular  cylindrical  dose 
of  radius  a.  The  eigenfunctions  are  then  identified  as 


X„„aO  = 


in  two-dimensional  polar  coordinates,  where  the  eigenvalues 

are  to  be  fixed  by  the  boundary  condition  at  the  wall  ?nd  may  be 

written 

k  =  X _ /a 

mn  mn 

with  X  independent  of  a.  The  normalizing  coefficient  N  is 
mn  ^  mn 

given  by 

=  2a"^[j  ^(x  )-J  i(x  (x  )] 

mn  I  m  '  mn-'  m-1'  nor'  m+l'-  mn'j 


=  2a'^ 

m  '  nm'  i  '  mn 


V  J'^(X  )T 

/  m  '  mn''] 


(?-10) 


From  (8)  one  finds 


(2-10.1 


where 


, /«  y  kaj  (x  )J'(ka)-x  J  (ka)J'(x„„) 
c,^(k)  =  (2Tr)^'^i“N  a^  - B  - iEL® - E_^2L 


X  -  (ka) ' 
mn  ' 


(2-11) 


and  p  =  tan’  (k^/kj^) . 

We  wish  to  consider  the  spectrum  of  average  pressure  on 
a  finite  area  A^,  representing  a  transducer  in  the  dome  interior, 
and  in  particular  at  ti'*?  inner  surface  (y  =  -L) .  It  will  be 
consonant  with  the  rudimentary  model  under  consideration  to  assume 
that  the  ar  ;  is  circular  of  radius  R  and  concentric  with  the 
dome  cylinder  (hence  <  a) .  In  this  case  the  spectral  density 
of  average  pressure  (9)  reduces  to 


-1  ”  2 

q^D.y)  =  2(tR^2)  JdkkI^(k,J2  k;\(k_,R^)N^g„(y)y,y„^,c^,  , 

r\  "  ' 


(2-12) 
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where  is  the  ^’.ngle  integral  of  che  driving  spectrum 
[Eq.  (1-28) ] ,  and  the  azimuthal  modal  number  m  is  understood  to 
be  zero  and  is  dropped  as  an  index  here  and  hereafter  whenever  only 
m-0  enters  (e.g.,  E  etc,).  The  unspecified  boundary  con¬ 

dition  on  the  surface  of  the  baffle  Is  assumed  not  to  depend  on 
asirmth  angle,  sc  that,  for  arbitrary  azimuthal  modal  numbers  m,m*  , 
we  have  If  mfm’  or.  say,  -v”„.  . 

2.2.3  Spectrum  of  Acoustically  Modified  Pressure  Outside  Boundary 

Of  interest  also  is  the  spectrum  of  average  pressure  on 

an  area  in  the  outer  surface  of  the  dome,  which  is  due  to  the 

exciting  turbulent  pressure  modified  by  the  acoustic  pressure  in 

the  outer  fluid  at  the  boundary  (y=0) .  As  discussed  in  Part  1, 

when  the  inner  fluid  is  considered  absent,  this  configuration 

partlall}^  simulates  that  of  a  flush-mounted  transdu^r  in  a  finite 

flexible  plate.  Expression  (9)  again  applies  with  the  response 

coefficient  g_(y)7„„  becoming  now  rather 
n  rio 

Rt  1  +6  , 

®ln'ns  ns’ 

where  is  the  function  analogous  to  g^(y)  but  pertaining  to  the 

outer  medium  at  y=0  and  the  Kronecker  delta  takes  account  of  the 
direct  driving  pressure  due  to  turbulence.  In  the  case  of  the  cir¬ 
cular  cylinder  with  the  area  A^  taken  to  be  circular  and  concentric, 
Eq.  (12)  similarly  applies  with  gn(y)'ynn'  ^®come  Sin'>'nn’ ■‘‘^nn’ » 


where 
m=0 , 


iw  represents  and 


in'  ein'>'nn'  • 

again  represents  7“^^!  for 


The  sum  over  n  of  the  unity  term  in  Eq.  (9)  or  (12) 
with  replaced  by  gin'^ns''‘®ns  performed  explicitly, 

and  indeed  we  know  that  if  we  must  obtain  the  force  spectrum 

due  to  the  driving  pressure  alone.  The  sum  is  effected  in  the 
general  ca.se  of  Eq.  (9)  by  use  of  the  following  closure  property 
of  the  eigenfunctions  (5): 


S  X„(Ei)Xn(^)  =  6(K^--E2). 


One  IflBediately  obtains  for  the  spectrum  of  average  pressure  on 
the  outer  surface 

2 

P„(k.a>  /  7„.,w]| 

^O  ' 

or  in  the  special  case  of  Eq.  (12) 

rdkki^(k,  J(2t) 


(2-13) 


u 


-1 


'■^nn'vj^  . 


(2-14) 


2.3  Si^llficatlcn  of  Boundary  Conditions 

The  dynaalcs  of  the  model  enter  solely  via  the  response 
coeffients,  e.g.  gjj(®,y)7^i  («a)  In  (12).  The  boundary  conditions 
for  Che  outer  fluid  have  been  specified  only  on  the  docoe  surface, 
cad  those  for  the  periphery  of  the  dome  cover  have  not 
beec  specified  at  all.  In  both  cases  approximate  boundary 
ccadltlons  can  be  Introduced  that  drastically  simplify  the  solution 
to  the  acoustlc'vibratlon  problem. 

With  regard  first  to  the  ci.jver,  consider  a  com¬ 
plete  sec  of  orthomocmal  cv^dal  functions  that  satisfy 

prescribed  boundary  conditions  at  Its  periphery.  In  general  this 
set  of  fuactlons  does  not  coincide  with  the  set  of  modal  functions 
intxodaced  earlier  to  describe  the  acoustic  floid  in  the 
imraer  fluid  for  a  prescribed  boundary  condition  at  Its  wall.  For 
each  wall  boundary  condition,  however,  there  exists  a  correspond- 
ims  piste  boundary  c<xidltioa,  forming  with  it  a  conjugate  pair, 
sach  that  the  two  sets  of  fonctioos  do  coincide.  The  boundary 
cooditioms  ca  pressure  and  velocity  at  the  interface  of  the  plate 
and  the  Imterls^  fluid  can  then  be  treated  trivially  just 
as  ia  the  case  cf  infinite  lateral  extent. 

The  same  siaplificatloc  is  achieved  at  the  interface  of 
csnvs’  amd  outer  fluid,  and  the  vdiole  problem  rendered  trivially 
rrertabie  hr  iutrofocfog  certain  artificial,  but  not  disruptive. 
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boundary  conditions  on  the  outer  fluid.  Specifically,  it  is  as¬ 
sumed  that  the  effect  of  the  outer  radiated  sound  field  on  the 
quantities  of  interest  is  substantially  the  same  as  if  the  outer 
fluid  were  not  laterally  infinite,  but  were  bounded  by  the  (longi¬ 
tudinally  Infinite)  cylindrical  surface  formed  by  extending  out¬ 
ward  the  lateral  wall  bounding  the  inner  fluid.  The  same  boundary 
condition  then  applies  on  this  extended  surface  as  on  the  lateral 
wall  itself  (see  Appendix  2,  figure  A2-1).  This  artificial  con¬ 
dition  is  probably  without  serious  consequence  at  least  if  the  dome 
diameter  is  no  less  than  a  few  wave  lengths  of  sound  in  the  outer 
fluid  and  provided  the  quantities  computed  pertain  to  positions  re¬ 
moved  by  a  similar  distance  from  the  lateral  walls  (not,  for  ex- 
aiiq>le,  the  force  integrated  over  an  entire  cross-section). 

As  for  the  conjugate  pairs  of  boundary  conditions,  the 
two  extreme  conditions  of  a  rigid,  immovable  lateral  wall  and  of 
a  free,  pressure-release  wall  will  be  mentioned.  The  condition 
on  the  dome  cover  conjugate  to  the  conditons  of  a  rigid  wall  is 
that  of  perfectly  free  motion  (normal  to  its  plane)  at  the  boundary. 
If  the  cover  is  a  plate  rather  than  a  membrane,  we  must  include 
the  further  condition  of  clamping  to  fix  the  slope  at  zero  rela¬ 
tive  to  the  equilibrixun  plane  (i.e.,  the  condition  of  a  sliding 
clamp).  Inversely,  the  condition  on  the  dome  cover  conjugate  to 
the  condition  of  a  free  wall  is  that  of  a  fixed  boundary,  with 
free  hinging  at  this  boundary  if  the  cover  is  a  plate. 


Granted  these  assumptions,  a  response  pressure  in  mode 
n  is  excited  only  by  an  excitation  pressure  in  the  same  mode,  i.e., 
Che  matrix  of  Eqs.  (9)  or  (12)  is  diagonal,  and  further¬ 

more  the  pertinent  diagonal  response  coefficient,  e.g., 
gn(“^»y)'ynn^^^  *  identical  with  the  corresponding  coefficient, 


Inclusion  of  viscous  and  hysteretic  damping  of  the  plate  (or 
membrane)  motion  does  not  affect  the  stated  conjugateness.  Con 
jugate  boundary  conditions  also  exist  that  provide  for  damping 
at  the  periphery  of  the  dome  cover  and  a  related  damping  at  the 
lateral  wall  (see  also  Appendix  4) . 
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... 


r(k,“^,y),  for  the  laterally  infinite  system  of  Part  1  evaluated 
at  the  modal  wave  nuoiber  i.e.,  gjj(“^,y)7jjjj(“^)=r(kj^,a),y)  and 

similarly  g^p(^)7pp(^)=r-^(k^,<o)  .**'*'*‘^.  The  response  coefficient.? 
r  and  have  been  studied  in  Part  1.  Eqs.  (12)  and  (14)  may  now 
be  rewritten  as 


Q(a),y)  =  2(TrR^2j-l  j  dkklQ(k,a))| 

o 


-1 


S  ''„‘Jl(WC„(k.)r(k„,<».y) 


(2-15) 


Q,(a))=2(irR2)->-  /  dkki  (k.io) 
o 


-1 


(2^)  V^Ji(kR^) 


+S''n 


(2-16) 


where  the  product  N^o^(k)  is  denoted  by  Cj^(ka)  . 

2.4  Approximate  Forms  for  Average-Pressure  Spectra 

Average-pressure  spectra  can  be  computed  numerically  from 
the  basic  Eqs.  (15)  and  (16)  for  arbitrary  values  of  the  parameter.^. 
Consistently  with  the  rudimentary  model,  however,  sovne  orienta¬ 
tion  and  insight  can  be  provided  by  considering  various  simplified 
approximate  forms,  based  for  the  most  part  on  various  assumpeions 
of  large  dome  radius  a.  The  pertinent  mathematical  work  is  largely 
done  in  Appendix  2. 


Expressions  for  the  power  radiated  by  the  dome  cover  in  this 
model  are  given  in  Appendix. 3. 

+  In  general,  the  damping  coefficients  ^  and  C  could  depend  on 
mode  number  n. 

++ 

W6  expect  in  a  later  report  to  treat  numerically  the  problem 
where  the  actual  coupling  to  the  acoustic  tieid  in  the  infinite 
outer  half-space  is  retained,  with  assumption  of  a  rigid  baffle 
surrounding  the  outer  dome  surface,  in  place  of  the  present 
artificial  extension  of  the  lateral  boundary  condition.  From 
the  exact  formulation,  one  can  see  that  the  off-diagonal  co¬ 
efficients  7  1  in  Eq.(12)  do  vanish  relative  to  the  diagonal 

nn 

ones  in  the  limit  of  a  dome  diameter  large  relative  to  the 
soxind  wave  length.  It  may  be  expected  that  the  extended-wall 
approximation  is  poorer  if  the  impedance  of  the  dome  cover  is 
low  and  the  dome  is  shallow. 
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For  convenience  we  rewrite  Eqs.  (IS)  and  (16)  as 


Q(y)  -  ^  f  <n*Io(k)  |B(k,y)|  (2-17a) 

o  * 

Ql  -  /  dkkyk)|(2F)l/V^J,(kR  )+B^(k)|^,  (2-17b) 

o  * 

where 

00  00 

B(k,y)  -  2  (-)V(k.y) ,  B,  (k)  -  2  (-)“Bi.(k) ,  (2-18) 


and  B^(k)  Is  similarly  related  to  ^^^(k^)  • 

2.4.1  Basic  Expressions  Appropriate  to  Rigid  and  Free  Walls 

Before  proceeding,  we  ^Ive  B^  and  Bj^  explicitly  for 
particular  lateral  boundary  conditions  corresponding  to  rigid  or 
free  (pressure-release)  dome  walls  by  Introducing  Eqs.  (10)  and 
(11)  for  Cjj(ka)  [sCjjNjj]  with  the  eigenvalues  k^zx^/a  detenslned  by 


(rigid  wall) 

Jo(*n^=®  (free  wall) 

We  then  have 

2Jra  •^/\jj(ka)T„  (rigid) 

2ir.-l/2j^(ka)S„,  (free) 

where 


T„(k,y) 

S„(k,y) 


(2-20) 

(2-21) 

(2-22) 


(2-2?) 


2-12. 


Bjjj(k)  is  similarly  related  to  Tj^(k),  S|^(k)  and  Tj^,  Sj^  to 
ri(k^) .  Here  e^  is  the  quantity  Introduced  in  the  respective 
cases  after  Eqs.  (47)  and  (67)  of  Appendix  2  and  defined  as 

«„  -  (2-23.1) 

where  1*0  in  the  rigid  case  and  1*1  in  the  free  case  and  the  sets 

of  differ  ,  for  the  two  cases  in  accord  with  (20)  and  (21);  in 

both  cases  e^  ^  1  as  n 
n 

2.4.2  Factors  Govffming  Contributions  From  Various  Modal  and 
Excitation  Wave4wad>ers 

As  a  prellsdnary  to  introduction  of  siaq»llfjlng  iq»proKi> 
nations,  it  is  useful  to  discuss  more  generally  the  pertinent  fac> 
tors  in  Eq.  (19a)  for  and  and  in  Eqs.  (17)  for  Q  and  Q^. 
Generally,  with  regard  to  the  sun  over  n  and  the  integral  over  k 
in  Eqs.  (17)>(18),  the  size  of  the  cantxlbution  to  Q(y)  or  Q|^  from 
a  particular  pair  k^  and  k  (actually  a  triplet  k^,  k^i,  k,  lAere  a 
product  of  terms  n,  n*  arises  from  the  squaring  of  B  or  B|^)  depends 
mainly  on  the  size  of  the  following  factors:  (1)  the  excitation 
spectrum  Ig(k),  which, as  previously  noted,  declines  in  a  rapid  but 
uncertain  fashion  below  k  (2)  jc^(ka)|  ,  idiich  mainly  declines 

with  increasing  |k-kj  ;  (3)  |r(k,y)  |  (or|rj^(k)|.).,  idiich  may  have  a 
more  or  less  sharp  resonance  peak  at  k^  k^  and  behaves  otherwise 
as  noted  below.  The  alternation  of  signs  of  the  terms  in  2^  is  also 
highly  pertinent  to  determining  the  contribution  frcm  a  given  inter¬ 
val  in  k^  as  discussed  in  Appendix  2. 

Regarding  r(k^,y) ,  pertinent  to  pressure  in  the  interior 
fluid,  we  recall  that  it  declines  approximately  eiqKXientially  with 
argument  (kjj^-kjo^)^^^[y[  for  k^^  >  1^  [see  Bq.  (1-10)]  except  for 
a  possible  increase  near  resonance  (k^)  if  such  occurs.  Hoarding 
rj^(k^),  pertinent  to  pressure  on  the  outer  surface,  we  do  not  have 
an  eiqionential  factor  as  in  r(k^,y)  that  cuts  off  contributions 
as  Increases.  Nevertheless,  there  is  a  fairly  rapid  decrease 
with  k^  above  resonance  (k^  >  k^)  due  to  the  factor  q^-1  in  z(k,c3) 
[Eq.  (1-1)  ]y  which  occurs  in  the  denominator  of  [Eq.  (1-15)]; 
specifically.  At  k  roughly  high  enough  that  9^0^^)  »  1  and 
k^  ^  we  have  I  decreasing  roughly  as  k^'^  in  the  case  of  a 
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.3 

plate  or  in  the  case  of  a  aeinbrane  [Sq.  (1>69)].  A  similar 
factor  declining  for  >  k^  occurs  in  rCk^.y)  in  addition  to 
the  factor  declining  exponentially  for  k^  >  and  this  factor, 
rather  than  the  exponential  factor,  say  detexsine  the  effective 
cutoff  on  k^  if  L  ia  sufficiently  ssall.  Even  if  the  exponential 
factor  virtually  cuts  off  r(kQ,y)  at  a  k^  <  k^,  contributions  in 
a  lisdted  range  of  higher  near  k^  say  nevertheless  be  apprecia¬ 
ble  if  the  resonance  is  shup  enough* 

2.4.3  Progressive  Approxlsations 

He  thus  asy  distinguish  regions  of  k^  and  k  that  will 
contribute  such  sore  to  Q(y)  and  Q|^  than  others  and  say  attune 
our  ^vproxlsatioa  and  neglect  accordingly. 

He  introduce  first  an  approxlsation  based  on  assumption 
that  contributions  to  Q(y)  (or  fron  wave  nusber  pairs  (h,k^) 
are  negligible  if  both  k  <  k^  and  k^  >^.>  becrause  of  the  ssall- 
ness  of  lQ(k)  and  r(k^,y)  (or  ]  under  these  respective  con¬ 

ditions,  and  on  further  assuaption  that 

(k^  -  k_)a/r  »  1.  (2-24) 

(Rough  explicit  conditions  for  this  and  subseqirent  ^vproxisations 
will  be  given  later  for  the  several  cases.)  He  also  neglect  contri¬ 
butions  froa  k  not  satisfying  ka/r  »  1,  independently  of  k^.  In 
the  region  k  >  k^,  k^  >  k^,  we  also  neglect  the  subr^lon  k  >  k^, 
k^  <  k^  <  k^,  and  in  the  region  k  <  k^,  k^  <  k_  we  neglect  the 
subregion  k_  <  k  <  k^,  k^  <  k^,  since  in  these  subr^ions  (24) 
isplies  (k-fc^)  aA  »  It  so  that  the  factor  Cjj(ka)  in  Eq.  (19a), 
as  well  as  one  or  the  other  of  the  pertinent  factors  Ig(k)  ,r(k^,y) , 
is  staall  there  (see  Figure  2-2).  Setting 

B  “  +  B^,  B|^  *  ®1-  ^  ®1+*  ®10  ~  ^  * 

(2-25) 

Q  ^  0.  +  Q+.  Qi  -  Qi-  + 

where  B_  (and  Bj^^)  derive  froo  k^  <  B^  fron  k^  >  k^,  Q_  fron 
k  <  k_,  and  fron  k  >  k^,  we  then  obtain  fron  Eqs.  (i7)-(18) 


2-ii- 


o 

m 


X__ 

Ql-  ‘  2fr«o^)‘Y'<««o<k)Ko*»lJ* 

o 

m 

«u  -  *«o<k5Ko«i-*»i4p 


(2-26) 


(2-27) 


The  significant  region  of  with  regard  to  end 
le  that  where  k^  ^  fc  so  that  C^(ka)  is  relatiwelj  large  (c.g. , 
see  Appendix  2).  In  the  present  ^pproziwatloii  this  region  is 
eepareted  from  the  r^lon  k^  <  k^,  and  r,  rerj  saoothlj  with  k 
over  intervals  »  v/a.  Therefore  we  mmy  further  restrict  the 
partial  sows  B^,  Bj^^  to  this  region,  with  the  swsll  contribution 
froa  die  nelghbori^  regions  included  ^proxlwatelj  by  use  of 
■l.  (17)  of  i^pendiz  2  with  residual  terns  onitted;  thus 

B.SZ  (-)X"*  (-)®B  -(l/2)B(s-n +l/2)+(l/2)B(s^ +1/2),  (2-28) 

iwi.  n-s-n +1 

+  o 

sad  sisdlarlj  for  B|^^,  where  n^  and  s  are  defined  by 


n^  »  iCbut  n^  not  so  large  that  s-n^  <  n^,  and  B(n)  for  non¬ 
integral  n  is  given  by  B^  with  use  of  the  asynptotic  <nqn:essions 
for  large  n, 

-  (iH^lA)T/a  (rigid) 
k^  -*■  (irt-3/4)v/a 


(2-30) 


(free). 


A  fiirther  cpproxliMation  it  based  on  negligible  variation 
over  the  interval  s-n  +1  <  n  ^  s+n  in  Eq.  (28)  of  all  functions  of 
n  in  or  aa  given  by  (22)  and  (23)  or  aore  generally  (19u) , 
except  the  factor  (k-k^)*^.  In  this  approxiaation,  [see  ^pendix 
2,  &is.  (84)  and  (50)]  «e  have 

B+(k.y)  “B.Oc.y)  r  (2T)^/V^J^(luyr(k,y),  (2-31) 

and  siallarly  for  Bj^^  with  r  replaced  hj  r^.  This  approxiaation 
to  the  partial  sua  B^  is  Just  the  result  for  the  total  sum  B  in 
the  case  of  a  laterally  infinite  dosa  (a  k,  L,  and  fixed) , 
treated  in  Part  1  (see  also  Ref.  15). 

The  factor  Jj^(ka)  (rigid  case)  or  J^(ka)  (free  case) 
contained  by  B^  in  Eq.  (22)  has  disappeared  in  forming  the  ^proxi- 
aation  (31)  to  the  partial  sua  B.  on  account  of  the  related  behavior 
of  the  factors  (k*^ various  n  in  the  vicinity  of 
k^^  k.*  The  factor  (or  Jj)  in  the  partial  sua  B^  in  of  Bq. 

(26) ,  however» produces  uncraq>ensated  oscillatory  behavior,  since 
»  x/a  throughout  the  pertinent  region  of  (k,kj .  Under 

previous  assu^tioos,  and  assuaing  reasonably  that  I^(k)  varies 

-1  ® 
negligibly  over  an  interval  «a  In  k,  i.e., 

(dIj,/dk)T/.  «  (2-32) 

2  2 

for  all  pertinent  k,  we  asy  replace  the  factor  (ka)  [or  (ka)] 

in  the  squared  terajB^P  in  by  its  local  average  value  l/rka. 

Likewise,  since  J-(ka)  oscillates  in  k  about  a  vanishing  aean,  we 

®  * 

asy,  under  the  saae  circuastances ,  neglect  the  cross  tera  2Re(B_B^ 

in  the  integral  for  Q^.  We  shall  denote  B.  as  aodified  by  replac¬ 
ing  J^(ka)  [or  Jj(ka)l  in  (22)  by  (xka)'^^^  as  fi.. 

Thming  to  Q_,  by  Eq.  (26)  we  have 

Q.  -  2(trJ)'^J  dkkI^(k)|^^(-)“B^  (2-33) 


See  Appendix  2,  Eq.  (83.1). 
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and  siailarly  for  We  insert  explicitly  from  (22)  and  (23)  ^ 

eiiq[>loy  the  aaynptotic  forma  for  Jq(1u)  and  J]^(ka)  (since  ka  »  1 
for  most  of  the  range  of  integration),  and  interchange  the  double 
suamation  with  the  integration  in  (33),  Assuming  that  1^(1^) 

varies  smoothly  in  the  range  ,0  <  k  <  k.and,  in  particular,  that 
(32)  holds  there,  we  may  mpproxiaate  lQ(k)  by  Iq  [(^/2)  (hjj+kjj*  ^ 
fixed  n,n' ,  and  similarly  for  powers  of  k,  and  extend  the  k  inte¬ 
gration  from  -«  to  'Hn.  Since 

(z-nr)<z-n'T)  “  ’^nn' » 

«00 


we  thereby  obtain  for  both  rigid  and  free  cases 

Q.(y)  “  (»/«)  ”■  knt2J^(k^R^/k^R  l^(kjr(k„.7)|  .  (2-34) 

n»^ 

In  the  case  of  Q]^.»  (27)  produces  three  tyr'as  of  terms  due  to 

the  square  of  Proceeding  as  with  Q_,  we  obtain  a  result 

that  may  be  written 


for  both  rigid  and  free  cases,  in  which  the  direct  (nonacoustic) 
force  spectrum  due  to  that  part  of  the  excitation  spectrum  with 
wave  nuidiers  k  <  k_  has  been  approximated  for  uniformity  by 

r dkk[2Ji(kR„)/kRft,(k)«  (ir/.)  ^  k„[2J,  '  <2-36) 

“O  '* 

As  a  eo  at  fixed  k_(^^v/a),  we  note,  expression  (35)  becomes 
properly  independent  of  a. 

To  summarize  the  results  based  on  the  rather  modest 
approximations  introduced  up  to  this  point,  we  have 


Q  Q  +  Q*  +  q" 


(2-37) 
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Q.(y)  “  (I'/a) 

1^“"^ 


00 

Q"(y)  -  j  dkk[2J^(kS^)/k8^]^Ip(k)|r(k.y)|^ 


(2-38b) 


Q;(y)  ”  aR^,■^^^JdkkI^(k)  x( 


k|  2'(-)”t„(  (rl«l<i) 

n=0 


k->t_y-)Xl 


( free) 


with  Tjj,  given  by  (23) ; 


(2-38c) 


(2-39) 


00  2 

Qj,.  -  J  dkk[2J^(kRj,)/kR„l^I^(k)|l+rj(k)|  , 


I 


(2-40) 


with  given  by  (35)  and  by  Q^(y)  in  (38c)  with 
replaced  by  Tj^^,  according  to  the  remark  following  (23) . 

In  a  further  approximation  ,  employed  below,  if 
a  is  sufficiently  large  that  many  moded  n  have  real 
wave  numbers  (0  ^  <  k^ ,  where  equivalent  inner  and  outer 

fluids  are  now  assumed  so  that  k^  =  -  ^u)>  then,  as  discussed 

in  Appendix  2,  the  modes  that  contribute  significantly  to  Q'  or 
from  the  sum  over  0  n  ^  n_  separate  into  groups  centered 
about  wave  numbers  k„  ^  k,„,  k„  k^  (resonance)  .  This  circumstance 
is  represented  by  writing  the  sums  in  (38c)  schematically  as 

"  ^o)  +  ^r»  (2-41) 

n*0 


where  the  two  terms  denote  partial  sums  (again  supplemented  in 
accord  with  Eq.  (17)  of  Appendix  2)  over  2n2  and  2n^  terms  cen¬ 
tered  at  kj^  2^  and  respectively: 
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(2 -42a) 


j+n2 

Z  =  2  ^  ( 

“  •  n«=j  -n2+l 

r+n 

5,  -  2*^  (-)"t  -(l/2)T(r-n  +l/2)+(l/2)T(r-tt>  +1/2),  (2-42b) 

n*r-n^+l 

except  that  the  sum  for  la  understood  to  be  truncated  appro¬ 
priately  if  it  overlaps  Z^j*  Z^,  is  to  be  omitted  for  the 
fluid  dome  (for  ^hich  no  resonance  peak  occurs  in  r(k,y)).  In 
Eqs.  (42) ,  we  take  n2  »  1  and  n^  large  enough  to  cover  the  reso¬ 
nance  peak  of  width  26k  centered  near  n»r,  i.e. ,  n^^6ka/-ir;  j  is 
defined  by 

kj  i  <  kj+i-  (2-42.1) 

(Eqs.  (42)  spply  also  to  the  other  cases  related  to  (38c)  with 
Tn  "Placed  by  S^,  Tj^^,  or  S^^.) 

If  the  mode  spacing  r/a)  is  small  enough  to  satisfy 
certain  further  conditions,  the  variation  of  all  factors  of 
in  Zyj  may  be  neglected  relative  to  the  factor  r(k_,y)  %diose  derive- 
tive  becomes  infinite  at  the  value  k  =  k.,  and  the  limiting  re- 

si 

suits  discussed  in  Appendix  2  then  apply.  These  conditions  are 
satisfied  for  only  a  restricted  range  of  realistic  values  of  the 
model  parameters,  but  the  results  become  transparent  and  easy  to 
discuss  and  are  probably  not  misleading  in  order  of  magnitude. 
Explicitly,  we  then  have 


)\-(l/2)T(j-n2+l/2)+(l/2)  T(j +112+1/2) , 


^0,  *  W  t Ji(kjto)  ■^8g/8k2)„ 

X  (-)J'^hM(b)-iK(l-b)l 


(2-43) 


with  s  B  1  for  rigid  walls  and  s  =  2  for  free  walls,  where 
^(k,k2py)  represents  r(k,(o)  in  a  notation  separating  out  k2  as 
an  explicit  argument  and  the  subscript  0  on  d|/dk2  signifies 
evaluation  at  k2^  (and  hence  at  k^k^^)  ;  M(z)  is  a  function  de¬ 
fined  (for  0  ^  z  <  1)  in  Appendix  2,  Eq.  (26),  and  shown  in  Fig.  2-3; 
argument  b  is  the  periodic  (linear-s«^toothed)  function  of  k^a 
with  approximate  period  ir  defined  by 


_ _ M(b)  is  usefully 

differs  accordingly  to  the  particular  boundary  condition, 
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PROXIMITY  DIFFERENCE  b 


FUNCTION  M(b)  AND  ^(b)  RELATED  TO  PRESSURE  WITHIN 
DOME  DUE  TO  HIGH  EXCITATION  WAVE  NUMBERS  AT  VERY 
L^GE  (na/c.  [See  Appendix  1,  Eq.  (26),  and  Eq. 
(2-91.1).]  V'(l-b)  -  V'(b). 


■Tf* 


b  =  kyja/TT  -  Xj/T  (xj  =  kja) 


(2-43.1) 


which  describes  the  position  of  between  the  modal  wave  nunbers 
kj  »  Eq.  (1-9)  yields  for  use  in  (43) 


(Sg/Sk2)Q  =  e^^“  ^-ye“^“slna+l[L+(s^/f)a>)8lna  cosa]| 


(2-44) 


with  2^=z(k^,  0=0  (k^.  In  the  case  of  a  rigid  inner  surface  (o=0) , 
(44)  red\ices  to 

(^g/^k2)Q  =  IL  (rigid  inner  surface)  (2-45) 

independently  of  and  yi  in  the  case  of  a  pressure-release  inner 
surface  it  reduces  to 


(^g/^k2)Q  =  -i(L+y);  (free  inner  surface) 

in  the  case  of  an  infinite  iimer  medium^ Appendix  1,  Eq.  (13e), 
similarly  yields 


(2-46) 


(^g/^k2)o  =  -(l/4)(12y+z^/pa)).  (2-46.1) 

In  a  similar  approximation  Eqs.  (43)  apply  also  to  the 
pressure  outside  a  plate  or  membrane  [i.e.,  to  as  well  as 

to  the  pressure  within  a  dome  [i.e.,  to  Q^(y)]»  with  g(k,k2»y)  re¬ 
placed  by  gj^(k,k2)  s  rj^(k) .  In  this  case  the  required  derivative 
is  given  by 


0gl/^k2)o  = 


(2-47) 


where  again  z^=z(k^. 

If  the  excitation  spectrum  lQ(k,u>)  due  to  the  turbulent 
boundary  layer  declines  sufficiently  rapidly  with  decreasing  k 
for  k  <  that  the  contributions  to  the  sum  for  Q.(y)  (or  Qj^-) 
in  (38a)  are  negligible  except  possibly  for  those  modes  n  near 
resonance  (r-n^  +  3-  <  n  <  r+n^) ,  then  in  the  approximation  of  (43) 
the  only  sisos  left  to  be  performed  explicitly  in  order  to  form  the 
average-pressure  spectra  are  the  resonance  sums  in  (38a)  and  (41). 

The  experimental  result  that  the  average-pressure  spectrum  due  to 
a  turbulent  boundary  layer  varies  as  corresponding  to  a  non- 

vanishing  area  scale,  and  not  as  we  recall,  casts  doubt  on 
this  inference. 
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2A4  Conditions  for  Approximations 


Conditions  for  previous  Approximations  will  be  given 
here  mere  e:q;>llcltly  for  the  distinct  cases  of  a  fluid  dome, 
a  covered  dome,  and  a  8lsq>le  plete.  Where  a  dome  is  in 
question,  we  restrict  consideration  to  force  on  an  area  of 
the  inner  surface  (y  L) . 

2A4.1  FlujLd  Dome 

On  account  of  the  attenuating  factor  exp[-(kj^^-l^^)^^^L] 
In  r(k^,-L)  In  Eq.  (1*62),  the  condition  for  the  Initial  approxi¬ 
mation  that  led  to  Eqs.  (25) -(28)  may  be  expressed  roughly  as  the 
condition  that  lg(k)  be  negligible  for  k  <  k^  with  reference  to  the 
contribution  to  Q(y)  In  Eq.  (18a),  except  possibly  for  n  such  that 

(k-k„)a  <  n  T,  where 
'  n'  o 


k_|_  =  k_  +  N2  (v/a) 
k.  -  [(N^/L)^  + 

with  Nj^,  N2  taken  such  that  1,  N2  »  1  [recall  (24)].  If 
I^(k)  is  negligible  for  k  u)/U^  (apart  from  the  possible  excep¬ 
tion  for  (k-k^)a  <  ntr)  and  if  U  «  c  and  wa/U  »  1,  as  in 
cases  of  concern,  this  condition  requires  slnoply  that 

L  »  U^/«D, 

which  at  reasonably  high  frequency  Is  a  very  weak  condition. 
Conditions  for  approximation  (31)  are 

Rg/a  «  1, 


(2-48) 


(2-49) 


(2-50) 


[k^-d^)] 


1- 


The  condition  for  (41)  Is 


l^a  »  TT. 


(2-51) 
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Further  conditions  for  (43),  on  assunptlon  that  2ic^,  are 

1  if  Vo  i  i 

<R„/L)(V)-i/^  «1  Ifk^^^l. 

2. 4. 4. 2  Covered  Dome 

Two  alternative  sufficient  conditions  for  Eqs.  (25) -(28) 
apply  In  this  case.  First,  the  condition  given  above  for  the 
fluid  dofioe  suffices  If  Is  redefined  to  be  the  larger  of  the  ex¬ 
pression  given  In  (48)  and  k^+6k,  where  8k  Is  still  the  resonance 
half^ldth,  thus  Insuring  also  that  l0(k)  Is  negligible  In  the 
neighborhood  of  resonance.  In  view  of  Eq.(l-59),  an  alternative 
condition  Is  the  previous  one  with  k,  redefined  as  satisfying 


with  taken  such  that  »  1. 

The  conditions  for  (31)  loay  be  written  as 

Rq/*  « 

''  •  *» 

J  i  • 

The  condition  for  (41)  once  more  Is 

•  \ 

,  »  IT. 

The  conditions  for  (43) ,  generalizing  conditions  (52),  may  be 
expressed  as 

1/2 


^2^0 


_ /u  **1/2  ^ 


(2-53) 


(2-54) 


(2-55) 


(2-56) 


n^n*lM  ixrmt  ^f-T1r^^^r^tia-Tll -T--- 


l!i 


if 


[ 

[ 

[ 


where  e  eubecrlpt  0  denotes  eveluetlon  at  k>k  (l.e.,  k2»0)  end 


fk  if 


(O  O 


On  essunptlon  that  k^  ^  21^,  these  conditions  reduce  to  the  condi¬ 
tions  (52)  together  with  e  further  condition  on  the  doae-cover 
iopedence  z  et  wave  nun^r  (o/c,  where  we  set  z(k«(i>/c,w)s 

<|>i„|/pd  « 1- 


(2-57) 


2.4*4. 3  Nonrigid  Boundary  (Without  Dome) 

The  condition  for  Eqs.  (25) -(28)  may  be  expressed  as  the 
condition  that  Ig(k)  be  negligible  in  contribution  to  for  k  <  k^, 
except  possibly  for  (k-k^)a  n^ir,  where  k^  is  as  specified  at 
(48)  and  k_  is  defined,  by  reference  to  Eq.  (1~69) ,  as  satisfying 


n;^  (« 1). 


(2-58) 


The  conditions  for  (31)  may  be  written  as 

V*  « 


(2-59) 


■31c 


The  condition  for  (41)  is  again 


«  1. 


V  » 

For  Eqs. (43),  conditions  (56)  again  roughly  apply.  In  this  in¬ 
stance,  these  reduce  to 

«  1. 

(pc/kJXkof)'^^^  «  1  if  Hd^o^I 


(2-60) 

(2-61) 

(2-62) 
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r. 

■f-^Si.- 


^  i  h  rii  •«^y'/^-o*i 


2.5  Average-Pressure  Spectryn  ^  a  Rigid  Boundary  and  Its  Relation 
to  Doto  Effectiveness;  Scaling  La^ 

We  return  once  more  to  the  question  of  the  driving  spec¬ 
trum  PQ(k,u>)[or  l^CkyW)]  due  to  a  turbulent  boundary  layer  and  the 
corresponding  frequency  spectrum  Q^(<»)  of  average  pressure  on  a 
circular  area  of  a  rigid  boundary,  and  relate  this  question  to 
the  effectiveness  of  a  dome. 

2.5.1  Character  of  Contributions  from  High  and  Low  Wave  Numbers 

Suppose  ^q/U^  »  1.  We  recall  that 

00 

Q^(aJ)=/  dkk  [2Jj^(kR^)/kR^]2  l^(k,<i>)  (2-63) 

o 

[Eq.  (1-27)  with  M  ;  1].  Below  its  peak,  which  lies  somewhat  above 
k  =  (see  Figure  1-3),  lQ(k,cD) ,  for  fixed  co,  presxnaably  de¬ 

creases  monotonically  with  decreasing  k,  while  the  envelopes  of 
the  averaging  factor  [2jj^(kRQ)/kR^]^, where  k^  decreases  mono¬ 

tonically  with  increasing  k.  Hence,  two  Intervals  of  k  may  be  dis¬ 
tinguished  from  which  the  contributions  to  the  integral  of  (63) 
together  will  greatly  exceed  those  from  the  rest  of  the  integra¬ 
tion  interval.  In  particular,  setting 

^o  “  ^o-  ^o+* 

where  derives  from  k  <  ou/u^  and  from  k  >  W3  have 

approximately 

oRo''’ 

dkk(2J^(kRj,)/kR^]^I^(k,a)), 
o 

00 

Qn-L(“)  ^  /  dkk'^I  (k,tu)  (2-65b) 

0+  O 

[see  Eq.  (1-31)],  where  the  minimum  permissible  m  may  be  considered 
fixed  at  a  moderate  multiple  of  unity.  The  point  pressure  spectrum 
P^(a>)  may  be  written  formally  without  approximation  as 

p  =  P  +  p  (2-66) 

o  O-  0+ , 


A  local  increase  may  occur  again  at  the  very  low  wave  numbers 
k  ^  oi/c,  as  noted  below. 


(2-64) 


(2-65a) 
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P  .  -/  dkki  (k,a)), 
o 


(2-67a) 


-  /  dkki  (k,CD)  . 


(2-67b) 


In  view  of  (65b) ,  (67b) ,  and  the  character  of  we  have  roughly 


(2-68) 


where  t)U^  Is  an  effective  convection  velocity  that  declines  slowly 
with  Increasing  frequency  but  may  be  taken ^0.6Uoo  In  the  high-fre¬ 
quency  range  of  main  Interest.  Also,  If  I^CkjCu)  varies  not  too 
rapidly  In  the  Interval  0  <  k  <  mR'^,  by  extracting  1^  from  under 
the  Integral  In  (65ib)  we  may  usefully  write 


-1 

where  ,<“)  denotes  the  appropriately  weighted  average  of  I 


(2-69) 


over  the  Interval  0  <  k  <  iiA 


-1  * 


As  seen  from  (68)  and  (69) ,  the  average -pres sure  spectrum 
on  a  large  area  (^^/U^  »  1)  Is  expected  to  vary  with  as 


Qn4.  »  Qo-»  roughly  If 


Po+(^)  »  ( 


(2-70) 


It  Is  expected  to  vary  rather  as  R~  If  the  Inverse  Inequality  holds. 
The  latter  result  as  we  have  noted,  accords  better  with  measurement, 
though  the  former  perhaps  accords  better  with  our  present  understand¬ 
ing  of  lQ(k,<o)  for  k  «  [Even  If  Q^_  ^  It  may  well  be  true 

that  P  .  >  P^.,  so  that  P  .  may  be  Identified  with  the  total  point 
spectrum  PQ(t^)  in  (68).  and  (70).] 


In  Appendix  5  it  is  shown  that  if  lQ(k,co)  varies  substantially  as 
k”  up  to  some  k  >  mR”^,  then  Q-.C^^)  varies  with  R  as  if 


0  <  n  <  1  and  as  R”"^  if  n  >  1. 

o 
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From  the  formal  expression  of  I,  (k,<o)  in  terms  of  the 
boundary- layer  velocity  field  In  the  general  case  of  coo^resslble 
flow,  It  appears,  contrary  to  the  assumption  In  (69),  that  some 
anomalous  behavior  of  I^,  perhaps  a  pronounced  peak,  occurs  in  the 
neighborhood  of  k  <=  tu/c  (see  Appendix  3,  Section  A5.1,  and  Ref.  14). 

If  such  a  peak  occurs,  It  will  be  reflected  In  an  additional  con-> 
trlbutlon  to  the  average-pressure  spectrum  (via  Q^_  in  (65a)) 
that  Is  Independent  of  so  long  as  ;^1»  l*e,,  R^  less  than 

roughly  a  quarter  wave  length  of  sound.  In  this  event  the  area 
dependence  of  for  v\j^/ai«  r^  ^c/o)  would  be  roughly  of  the  form 

0^(0))  =  A(a))R‘2  +  8(0))  +  C(a))R‘3,  (2-70.1) 

where  the  first  and  third  terms  correspond  to  (69)  and  (68) .  Ob¬ 
served  spectra  for  different  transducer  size,  as  well  ar.  measured 
narrow-band  spatial  correlations,  place  experimental  constraints 
on  A,  B,  and  C.  Hereafter  we  ordinarily  Ignore  the  pos:}lble  radia¬ 
tion  contribution  B(o)) . 

In  Appendix  5  the  relation  between  0  and  and  other 
quantities  are  examined  tinder  various  assumptions.  Also,  two  dif¬ 
ferent  explicit  assumed  forms  for  lQ(k,u)) ,  cne  of  which  has  commonly 

been  used  In  dome  analyses,  are  considered.  This  one  accords  with  the 

_2 

observed  variation  as  R^  and  with  the  gross  time  decay  of  the  spatial 
pressure  correlation  In  the  appropriate  convected  frame,  but  probably 
not  with  the  frequency  dependence  of  the  area  scale;  neither  form  has 
any  theoretical  basis . 

The  extent  to  which  a  dome  is  capable  of  reducing  flow  noise, 

and  in  particular  the  possible  success  of  a  fluid  sheath, is  critically 

dependent  on  this  question  of  the  relative  contributions  to  Q.(p)  due 

- 1  ° 

to  wave  number  comoonents  with  k  >  u)/U  and  with  k  <  mR  .  This 

—to  00  O 

dependence  results  because  the  former  component  in  the  transmitted 
pressure  spectrum  Q(cu,y)  is  strongly  attenuated  for  dome  size  a  not 
too  small  (and  «  c”) ,  whereas,  except  for  relatively  small  R^, 
the  latter  is  not.  In  the  approximations  of  (37)  -  (38),  the  former, 
attenuated  contribution  is  contained  in  o”(y)  +  0"(y)  and  the  latter, 

*  A  re-examination  of  observed  data  to  set  an  upper  limit  on  the 
possible  effect  of  the  value  of  B  in  reducing  the  apparent  ratio 
A/C  appears  desirable. 
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relatively  iinattenuated  one  in  Q_(y).  This  point  will  be  made  more 
explicitly  In  the  course  of  drawing  estimates  and  conclusions  for 
the  Indlvldtuil  configurations. 

2.5.2  Scaling  with  Boundarv-Laver  Parameters 

We  consider  briefly  also  the  probable  scaling  laws  for 
the  direct  boundary- layer  pressure  .  We  shall  refer  to  these  later 
In  considering  their  modification  by  a  dome  or  by  a  non-rlgld 
boundary.  At  high  frequency,  perhaps  where  ^v/v^  ^  0.1,  with  ref¬ 
erence  to  wave  nximbers  k  >  corresponding  to  the  part  of  the 
spectrum  generated  by  convection,  we  have  reason  to  expect  the 
pertinent  length  and  velocity  scales  to  be  proportional,  respectively, 
to  v/v^  and  v^,  which  are  character i '.tic  of  the  portion  of  the  bound¬ 
ary  layer  j^st  outside  the  viscous  sublayer.  In  such  case,  the  wave 
nvunber-frequency  spectrum  of  the  point  pressure  has  the  form 


Po(>‘.“)  =  OJV/V^) ,  (lc^“/uj  (2-71) 

where  Is  some  function  of  the  Indicated  dimensionless  variables 
and  p  Is  the  fluid  density.  Hence,  after  Integration  over  the  angle 
of  a  f  we  have  likewise 

=  P^v\(kv/v*.<ov/v^ ,  (k^a>/U„)  (2-72) 

where  the  function  (and  similar  functions  Introduced  below)  are 
related  to  F^.  Eq.  (67b)  then  yields  the  form  of  : 

^  H^(“v/v*)  .  (2-73) 

Eq.  (63b) (with  more  appropriately  replaced  by  a  multiple  of  v^) 
yields  In  turn  the  form 

Q^^(a))  =  (cuRq/v*)“^P^wJ  L^(a)v/v^). 

These  points  are  discussed  further  In  Ref.  16. 


(2-74) 


\ 


/ 


In  some  other  domain  of  frequency  and  wave  number,  the 
pertinent  length  and  velocity  scales  may  well  be  those  characteris¬ 
tic  of  the  boundary  layer  as  a  idiole,  namely  6^  axid  U„,  rather  than 
the  ''inner"  parameters  v/v^  and  v^.  This  presuznptilon  appears  likely 
to  be  valid  at  least  in  the  domain  k  In  8tu:h  a  domain  the 

wavenumber -frequency  spectrum,  contrary  to  (71),  h.is  the  form 

Po(k,<»)  -  P^62o^.(>^6*,ai6*/U„)  (k  (2-75) 

whence  also 

Io(k,“>)  =  (2-76) 

From  (76),  in  the  low-frequency  regime  where  1  we  obtain  the 

conventional  "outer"  form 

P(<o)  .  p^6*D^H(<06*/UJ  (2-”) 

and  likewise ,  ,  from  (63),  for  nonvanishing  radius 

v<“)  ■=  (2-78) 

If  1  ,  given  by  (76),  varies  little  for  k  <  which  nay  be  so 

for  ^1  only  if  »  6^,  Eq.  (78)  reduces  to  the  simpler  form 


<!o(‘“)  =  2(a«^/OJ‘^p^6*U^G.(«*/U.),(a)6*/U„^l,R^^6*)  (2-78.1) 

where  the  function  is  identified  as  a  suitable  average  over  k  of 

the  function  G_ (k6^,co6^/U^)  of  Eq.  (76). 

• 

In  the  higher- frequency  regime  ((u6^/U^  ^  ]),  accepting  (75), 

we  nevertheless  cannot'  infer  the  form  of  ?q_(p)  without  knowledge  of 

the  form  of  lo  in  the  range  <  (u/Uw.  Hence,  we  remain 

*The  difference  beti^en  assumption  of  velocity  scalfis  proportional  to 
v^  and  to  is  relatively  minor,  since  v^/U^  varies  only  weakly  with 

Reynolds  number,  expecially  Tdiere  the  latter  is  v'jsry  high. 
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uncertain  whether  P_.  (^),  like  »  scales  for  cov  /v£>o.i  as  the 

O  *  0^ 

"inner"  form  (73)  or  as  the  "outer"  form  (77) ,  or  whether  its  form 
essentially  contains  both  inner  and  outer  sets  of  parameters.  Since 
the  relative  importance  of  P^  and  is  also  tmcertain,  it  is  un¬ 
certain  how  their  sum,  the  total  point  spectnm  P(a>) ,  scales  with 
these  parameters  (see  also  Ref .  16) . 

On  the  other  hand,  for  R^^  form  (76)  alone 

persiits  inference  of  the  form  (78)  for  Q.  ,  which,  \inder  the  stated 

o*  2 

assiimptlons,  reduces  to  form  (78.1).  If  ®*-  in  addition, 

we  infer  from  (74)  for  and  (78.1)  for  a  form  for  the  total  Q^: 

Q^(<ii)  =  2(a3R^/U^)‘2p26^U?,6.(a)6*/U^) 

+  (‘i«o/v*)‘^p^w^_^(a)v/v^)  (‘^v/v^^O.l.R^*). 

(2-79) 

The  asstmiption  that  form  (76)  holds  for  in  some  interval 

of  low  k  is  probably  inconsistent  with  the  belief  that  in  this  inter 

val  may  be  taken  equal  to  its  value  at  k  =  0.  In  fact,  we  know  that 

for  the  pressure  in  a  turbulent  boundary  layer,  I^  vanishes  at  k  =  0 

apart  from  effects  of  coaq>ressibility,  viscosity,  and  inhomogeneity 

in  Che  direction  of  flow.  The  first  of  these  three  effects  involves 

an  additional  parameter,  viz.  the  velocity  of  scund,  and  hence  at 

least  if  the  value  of  I^  at  k  =  0  is  largely  du?  to  compressibility, 

I_  near  k  =  0  will  not  have  the  form  (76)  .  At  the  same  time,  the  factor 

(oiR./U  )”^  che  result  (79)  accords  fairly  well  with  experiments 
o  ^ 

(e.g.,  see  Ref.  3,  but  cf.  Ref.  17).  It  is  conjectured,  therefore, 
that  lQ(k)  does  not  differ  greatly  from  its  average  value  over  most 
of  the  range  0  <  k  <  mR^^,  where  ttU^/co  «  R^  ;^cAu,  but  that  this 
average  value  is  substantially  larger  than  1^(0) . 


*  _  •) 

The  same  factor  R  would  be  obtained  whatever  the 

o 

vanishing  I  at  k  =  0,  but  the  same  scaling  with  cjd 
general,  would  not. 


cause  of  a  non- 

and  U  -in 

00  ' 


K'iTr-'- 


2.6  Estimates  for  Various  Configurations 

2.6.1  Fluid  Dome 

2. 6. 1.1  Contribution  from  High  Wave  Numbers 

Regarding  first  the  contribution  =  Q*  +  Q*  to  Q(co,y)  » 
It  is  useful  to  define  the  modification  factor  A(k,y)  by  tdiich  the 

frequency-wave  number  spectrum  of  average  pressure  on  the  area 

2 

ttR^  at  depth»y  differs  from  that  due  to  the  excitation  pressure 
(excluding  the  acoustic)  on  an  infinitesimal  area  in  the  outer 
surface,  with  reference  only  to  excitation  wave  numbers  k  >  k^: 


09 

(^(y)  =  f  dkki  (k)A(k,y) 


[cf.  Eq.  (26)].  This  factor  includes  both  the  effects  of  area- 

2 

averaging  over  ttR^  and  cushioning  by  the  intervening  medium.  We 
take  k ,  =  tt/\]  . 

"T  00 

As  implied  by  the  approximation  and  discussion  in  the 
paragraph  containing  Eq.  (32) ,  A(k,y)  contains  a  part  that  oscil¬ 
lates  rapidly  with  a  period  in  k  that  is  short  compared  to  any 
interval  of  significant  change  in  any  other  factor,  including  lQ(k) . 
We  may  then  replace  A(k,y)  in  80)  by  its  local  wave-number  average^ 
say  A(k,y).  In  the  approximations  of  Eqs.  (38),  then. 


(2-80) 


where 


A(k,y)  =A^(k,y)  +A_(k,y), 

/\^(k,y)  =  AQ(k)jr(k,y)|  , 


(2-81) 

(2-82) 


-2 


k|  ^(-)X| 


A.(k,y)  =  8(R  a)  -  x  .  , 

(k'^l  Z'(-)”S„|  (free) 
\  '  n=o 


(2-83) 


Ao(k)  =  4J^2(kRj/(kR^)‘ 


(2-84) 
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xseufSi 


Here  A  (lc,y)  represents  the  limiting  value  of  the  modi¬ 
fication  factor  U  ,y)  (or  A)  for  an  Infinite  dome  (a  «  at 
fixed  k,  L).  Similarly  A^Ck)  represents  the  value  pertinent 
to  the  eame  circular  area  In  a  rigid  surface  exposed  to  the 
exciting  pressure  fluctuations  and  merely  reflects  the  area  averag¬ 
ing.  For  /u  »  1  f»lth  assumption  that  I^(k)  for  k  >  aj/U  is 
substantially  unchanged  over  an  Interval  R^'*'  In  k,  as  at  Eq.  (65b) 
we  may  appropriately  enploy  a  local  k-average  also  In  place  of 

Ao  “‘y  ^o’ 

]{  -  (4/ir)(kR^)‘^.  (»R^/U„»1)  (2-85) 

o 

In  the  opposite  case  where  kR^  «  1  for  all  significant  k,  or 
roughly  where  toR^/U^  «  1,  we  naturally  have 

1  (2-86) 

as  at  Eq.  C^) 

If  the  additional  condition  (51)  Is  satisfied,  approxi¬ 
mation  (41)  (with  «  0)  may  be  employed  In  (83)  as  previously 
In  (38c) ,  and  If  conditions  (52)  are  satisfied,  approximations  (43) 
may  also  be  employed.  Though  the  latter  conditions  can  apply  only 
for  a  diaphragm  radius  a  very  large  compared  to  the  sound  wave 
length,  especially  If  the  thickness  L  Is  not  a  substantial  fraction 
of  a  wave  length,  this  affords  a  suitably  simple  regime  to  examine. 

As  an  Inessential  further  sliq>llflcatlon,  we  assume  a  rigid  Inner 
surface,  whence  (45)  applies.  Then  Eqs.  (43)  yield  for  the  flnlte- 
ness  term  A_  modification  factor  A  of  (81)  at  the  Inner 

surface 


2,-2 


X  [M^(b),(M^(l-b)]x  < 


Ob  A) 


(rigid  wall) 
(free  wall) 


If  the  Inner  surface  Is  Instead  a  pressure-release  one,  by  (46) 

2  2 

we  have  only  to  replace  L  In  the  numerator  by  (y+L)  and  like¬ 
wise  In  Eq.  (91)  ,  below;  similarly.  If  the  Inner  medium  Is 


(2-87) 


f. 


!fer 


2  2* 

infinite,  by  (46.1)  we  have  to  replace  L  by  (l/4)y  .  Thus,  the 
contribution  of  _  to  the  average-pressure  spectnan  Q(<i>,y) ,  in 
the  regime  of  (87) ,  is  Independent  of  depth  (-y)  if  the  inner 
sxurface  is  rigid,  increases  quadratlcally  with  distance  from  that 
surface  if  it  is  pressxure  release,  and  increases  quadratlcally 
with  distance  from  the  outer  surface  if  the  inner  medium  is  in¬ 
finite. 

According  to  (87) ,A  -  for  che  case  of  a  free  wall  is 
smaller  than  for  that  of  a  rigid  wall  by  a  factor  ^ (k^^k)  ,i.e., 
the  square  of  the  ratio  of  the  wave  length  of  excitation  to  that 
of  sound.  If  the  boundary  conditions  were  mixed,  which  perhaps 
would  best  simulate  actual  configurations,  a  contribution  of  the 
type  of  the  rigid  case  presumably  remains  and  is  the  dominant  term, 
though  with  a  reduced  numerical  coefficient.  The  significance  of 
this  strong  dependence  on  the  lateral  boundary  condition  satisfied  by 
the  fluid  diaphragm  in  the  envisaged  application  is  subject  to  some 
doubt,  however,  inasmuch  as  the  boundary  condition  in  the  present 
model  was  artlflcally  extended  outside  the  fluid  diaphragm  in¬ 
definitely  into  the  region  of  the  outer  fluid.  For  this  same  reason 
the  model  itself  may  have  doubtful  quantitative  applicability  if 
the  thickness  L  of  the  diaphragm  is  too  small  a  fraction  of  a  wave 

1  .-u** 

length. 


We  proceed  to  obtain  explicit  estimates  of  the  several 
contributions  to  the  interior  average -pres sure  spectrum  Q(uJ,y) . 
In  the  present  case  of  a  fluid  sheath  (:&  =  0)  with  rigid  inner 
surface  (^^  =  0),  we  recall  from  Eq.  (1-62)  that 


(r(k,y)l  ^  =  exp[-2(k2-l4  (k^-k^  ^^^(y+L)  ) ;  (2-88) 

The  contribution  q“(eJ,y)  to  Q(<o,y) ,  deriving  from  in  (81), 

■is  estimated  very  roughly  as  related  to  the  high-k  contribution 
XJo^(^)  to  the  spectrxjm  of  averaging  driving  pressure  Qq(‘'^)  on  an 
equal  area  of  the  outer  surface  [Eq.  (65b)]  by 


These  replacements  are  approximately  correct  even  though  the 
surface  of  the  element  itself  remains  rigid,  provided  R  <  k 
^^[cf.(99.2)].  ^  O'- 

The  case  of  the  diaphragm  will  be  treated  more  adequately  in 
a  later  report. 


-1 

'0) 


2- 


|r(<o/T}U„,a>,y)|  ^Q^(a3) 

(in  which,  however,  t)  should  be  regarded  as  slightly  larger  than 
It  was  in  Eq.  (68)  on  account  of  the  weighting  factor  r(k,u),y)|  ^ 
In  the  Integral  over  k  In  (80)). 

By  (1-62) , (1-63) ,  and  (1-63.1)  we  have  approximately 
(for  U  «  c) 


(2-89) 


|r(to/TiU„,a3,y)|  e 


ch"[a>(y+L)/TiU„] 


(2-90) 


for  a  rigid  inner  surface. 

The  contribution  Q”(“>^y) ,  deriving  from  A  .  in  (81),  is 
estimated  from  (80)  and  (87)  for  a  rigid  Inner  surface,  with 

•Si^o 


q:(<“.y)  ~  (W-)  / ,  dkk'^I  (k.oJ) 

m/0„ 


-  (rW  (kj.)  (k^a)  (Ro/a)^Q^(<o)  ,  (rigid  wall) 

where  f(kyja)  is  the  positive  oscillating  function  with  period  ir 
defined  by 


(2-91) 


f(kyja)  =  47r  [M^(l-b)-»w2(b)]  =  ^(b) 


(2-91,1) 


^(b)  is  shown  in  Figure  2-3;  it  has  a  peak  value  3.44  and  a  value 
somewhat  less  than  half  as  large  when  averaged  over  k^^a.  In  the 


?.-34 . 


case  of  free  walls  the  estimate  (91)  is  reduced  by  a  factor  of 
the  order  of  (iiUpg/c)^,  The  second  form  in  (91)  relates  Q”  to 

T 

the  high»wave  number  part  of  the  spectrum  of  driving  pressure 
over  an  area  of  radius  i^ere  is  understood  to  be  stich  that 
“Ro/Uco  »  1- 

We  give  the  ei^resslon  corresponding  to  (91)  outside 
the  regime  where  (87)  applies,  l.e.,  when  conditions  (52)  are 
not  satisfied,  but  where  the  condition  »  (L‘^  +  still 

holds  (and,  for  simplicity,  ^1).  From  (83)  and  (23)  we  obtain 


Q+K-L)«^  2  s"  (-)'^ky2r(k^,CD,-L)p  a‘2 
n?:0  I 


X  /  dk  k’-^I  (k,aj) 

<“/u„  “ 


(rigid  wall)  (2-92) 


( 

•2^  (ir/2)a  (R^/a)^Q„(“>) 

by  use  of  (65b) . 

2. 6. 1.2  Contribution  from  Low  Wave  Numbers 

Unless  lQ(k,co)  is  negligible  for  wave  numbers  k^a)/U„, 

the  contribution  to  Q(t‘J,y)  from  Q„(^,y)  of  (38a)  must  also  be 

included.  The  sum  may  presumably  be  confined  to  k^ 

(  for  R  >  k”^) ,  where  m  is  a  fixed  number  exceeding  unity  by  a 
'  o  +  ^  ^ 

moderate  factor,  on  account  of  attenuation  by  the  area-averaging 
factor  [2Ji(kjjRQ)/k^Ro]^.  If  wave  numbers k  <  mR"^  actually 
predominate  in  the  wave-number  spectrum  of  the  driving  average- 
pressure  spectrum  Qq(^'^)  ,  as  suggested  by  the  measured  R^- 
dependence  of  the  latter  (see  Section  5),  we  must  have_^_(ci>,y) 
of  the  same  order  of  magnitude  as  ©^^(u)) .  itiis  conclusion  holds 
unless  Rq  «  mk"^  and  Try/R^  »  1,  since  the  factor/ r(kj^,y)j  in 
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(38a)  attenuates  only  for  such  that  >  k^^  and  (k^  - 
The  fluid  dome,  in  such  event,  will  be  Ineffective  relative  to 
flush  mounting  [  see  Eq.  (94)  below]. 

We  know  too  little  about  the  wavenumber  spectrum 
Io(k,a>)  of  turbulent  pressure  for  k  <  to  be  able  to  estimate 
Q^(cD,y)  rellablyfeven  in  terms  of  Q^. (<<>)> In  the  parameter  regime 
where  these  differ  appreciably*  For  indicative  estimates,  however, 
we  assume  that  lQ(k,u))  varies  only  moder&tely  throughout  the  per¬ 
tinent  Interval  0  <  k  <  (except  possibly  for  a  negligible  sub- 
interval  ) ,  where  the  rough  cutoff  is  defined  by 

=  lesser  of  mR^^,  (k^  +  |yp)^^^. 

Provided  conditions  (31)  and  the  first  of  (52)  are 
satisfied,  the  sum  (38a)  may  be  approximated  by  an  integral: 


00 

Q.(®.y)  /  dkk[2Ji(kR^)/kRj,]\(k,a))  |r(k,CD,y)|  ^  (2-93) 


We  assume  c  dome  sufficiently  large  f:hat  this  approximation  may  be 
used.  For  definiteness,  we  consider  a  depth  y  =  -L  at  a  rigid 
inner  surface,  except  as  later  noted. 

First,  if  mR’^  <(k^+  1/641^^^^,  from  (1-62)  we  have 
1  >  jf’p  ^  e”^'^  for  k  <  xdR”^;  (93)and  (65a)  then  yield 

mR'^ 

Q.(‘^,-L)  -  I  dkk[2J^(kR^)/kR^]2i^(k,co) 

0 


(2-94) 


=  Qo-(^)  • 


[Ro 


2x-l/2 


] 


This  result  does  not  depend  on  assuiiq)tion  of  slowly  varying  lQ(k) , 
except  as  Eq.  (38a)  does,  and  ho Ids, in  particular,  when  exceeds 
about  a  wave  length. 

The  possibility  that  Iq(0,uj)«  Ijj(k,a))  for  most  k  <  thus  need 
not  be  excluded. 
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Next,  If  corresponding  to  a  thickness  greater 

than  about  a  sixth  of  a  wave  length,  and  k^^  we  find 


~  /  dkk[2J^(lcR^)/kR^]2i^(k,aj) 
o 

by  use  of  (69) ,  ^ere  the  function  T  is  defined  by 


T(x)  =  2  /  dzz“^J?(2),  (2-95.1) 
o 

Io(~l^  denotes  the  suitably  weighted  coverage  of  lQ(k)  over  the 
interval  0  <  k  <  kyj,  and  F  represents  the  ratio  of  to  the 
weighted  average  of  over  the  interval  pertinent  to  Eq.  (69): 


f  (2-95.2) 

Wo 


^ence  (95)  yields 


Q.(®.-L)*~  (V 2)k^I^(~k^  (1/4)  (l<aRo)^V(“)  • 

In  this  regime  the  effect  of  the  sheath  is  roughly  equivalent  to 
averaging  the  pressure  spectnm  over  an  area  of  radius  ^/^(=2/k^p 
in  place  of  the  actual  (smaller)  area  of  radius  R^.  If  lQ(k)  in¬ 
creases  appreciably  from  k^k^^  to  k<^R^^,  so  that  F  «  l,the 
factor  of  reduction  by  the  sheath,  from  (96),  will  be  larger. 
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If  Eq.  (95)  with  F  i  1  again  holds,  T(ky^^)=  1,  and 

(95)  reduces  to  (94) . 

“  K  ’T-/*o  K.K.  1,  corresponding  to  a  thin 

sheath,  by  expansion  in  the  parameter  L/R^  and  appropriate 
approximation,  assuming  still  a  rigid  inner  s\ir£ace,  we  estimate 


Q.(«>.-L)  |l-2ir''-(L/R„)[ln(R^/L)-0.6]| 


(L/Ro)[ll>(R^/L)-0.6ij 


(2-97) 


Qn-(“). 


where  Iq(^Rq^)  denotes  a  suitably  weighted  average  over  0<k<inR”^. 
In  the  range  in  question,  where  ‘”1>/Rq  «  1,  according  to  (97) 
Q.(“f*L)  is  smaller  than  Qq.(“)  by  less  then  10%. 

Again,  if  l*"^)"^^^,  i.e.  roughly  if  the 

diameter  2R^  is  less  than  a  quarter  wave  length  and  less  than  1.4 
times  the  thickness  L,  we  have  the  estimate 


Q. (<“.-«  /“dkki  (k.oj)  +  /  dkki  (k,<o)exp[-2(k2-k^^/\] 

o  kj„ 

C.-  2R;^I,(A^R;b  (2-98) 

^H(R^/Rg)\.(ffl) 

where  R^  is  an  effective  radius  defined  by 
e 


r;2  .  (lA)[k^  +  (l/2)L'^]  :  (l/4)[(2ir)2x‘2  +(1/2)1,‘^]:  (2-99) 

I  («v  R~^)  denotes  the  eppropriete  weighted  everage  of  I^(k) , 
determined,  on  account  of  the  exponential  factor  in  (98),  mainly 
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yv 


'wV*  * 
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by  I^Ck)  for  0  <  k  ^  (k^  +  and  H,  similarly  to  F  in  (95). 
represents  the  ratio  of  similar  average  lQ('^kQ  ) 
of  Eq.  (69) : 


H=  (2-99.1) 

Where  the  approximation  (98)  holds  at  all  we  have  >  Rq» 

According  to  Eq.  (98),  the  spectrum  of  average  pressure 
for  a  shielded  element  of  radius  independent  of  R^  and 

has  a  value  corresponding  to  a  flush  element  of  averaging  radius 
Rg  if  H^l  (or  smaller  than  this  by  a  factor  H,  in  general).  For 
exaiiq>le,  if  L  ^  >v/9,  the  contribution  to  in  (98)  from  the 
second  term  in  (99)  is  the  larger,  and  the  effective  averaging 
radius  is  ^  2.8L.  If  L^?v/9,  on  the  other  hand,  the  first  term 
is  the  larger,  and  the  effective  radius  is  ^  X/tt.  For  an  element 
with  given  radius  R^,  then,  the  sheath  reduces  the  spectrum  of 
average  pressure  only  to  the  extent  that  the  relations 


L  »  Rq/2.8  and  R^  «  X/tt 

are  satisfied. 

Though  the  domains  of  validity  of  approximations  (94) 
and  (98)  do  not  overlap,  there  being  a  transition  region  between, 
we  may  crudely  regard  (94)  as  applying  if  >  R^  and  (98)  if 

o  />-»  e 

The  effect  of  the  sheath  is  shown  graphically  in  Figure 
2-4  as  a  function  of  L  at  fixed  ^  with  R^  as  a  parameter.  The 
form  of  dependence  is  shown  for  three  values  of  R^,  say  Rol^o2^o3* 
which  are  introduced  as  arguments  in  the  respective  spectra  Q_(t^,-L). 
It  is  supposed  that  ^  »  R^j^  »  and  Rg2  Su  ^o3* 

Q«(^»Rq3^»“L)  ,Eq.  (98)  then  holds  over  the  range  Rgj^/2.  In  the 
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FIGURE  2-4.  AVERAGE-PRESSURE  SPECTRUM  Q_(a),-L)  WITHIN  FLUID  DCME 

DUE  TO  LOW  EXCITATION  WAVE  NUMBERS  VS.  DOME  DEPTH  L 
FOR  SEVERAL  ELEMENT  RADII,  R  »  >  R  «  >  RqI  »  U„/a). 
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range  L  >  Lg2*  where  1,^2  defined  by  Rg(^»I^Lg2)=Ro2  *^e 

given  by  (99),  the  Q_  spectra  for  and  Rq2  coincide,  since 
the  effective  radius  there  is  R^  for  both.  At  L  s  0,  on  the 

other  hand,  Q. (to, r^2.0)/Q- (“^.51^1.0):  Qo-(“»^o2^/Qo-^“*^ol^ 

“  ^^ol^^o2^^*  assumed  condition  on  R^^  ®®hes  R^^  ^ 

all  L;  hence  R^^  ^3  the  effective  radius  for  all  L,  and  QoC“»Rq3»“L) 

is  independent  of  L. 

It  has  been  assumed  above  that  the  exciting  pressure 
spectrum  Ig(k,to)  varies  smoothly  and  moderately  in  the  low-wave- 
ntimber  range  in  qtiestion.  Aa  noted  in  Section  2.5  and  Appendix 
5,  however,  may  behave  anomalously  near  k  »  ;  to/c.  If  it  has 

a  significant  peak  there,  but  one  that  is  broad  relative  to  the 
spacing  of  the  modal  wave  numbers  k^,  there  will  be  an  additional 
contribution  to  Q_(‘J>i,-L)  which  by  (93),  since  r(l^,to)  =  1,  is  just 
the  same  as  the  corresponding  contribution  to  the  spectrum  Qg(^) 
for  an  exposed  area  and,  like  the  latter,  is  independent  of  R^  for 

Wo  4,1-* 

All  the  estimates  of  Q.(w,~L)  above  referred  to  a  rigid 
inner  surface.  With  regard  to  dependence  on  the  iiq>edance  assumed 
at  this  surface,  suppose  the  latter  is  transparent  (infinite  inner 
medium)  but  the  element  is  still  regarded  as  rigid.  Then  for  wave 
number  k,  if  kR^^l,  the  corresponding  average  pressure  on  the 
element  is  reduced  relative  to  the  rigid  case  by  a  factor 


=  (l/2)[l+«,o4-k^)^^Vko,]  (2-99.2) 

[with  when  k  >  k^j],  where  lp(iril^pc)  denotes 

the  radiation  impedance  of  the  rigid  element  in  free  space  and  is 


If  such  a  peak  exists  but  is  narrow  relative  to  the  spacing  of  the 
k^j  this  ccxitribution  to  Q_(<u,y)  is  identified  rather  as  a  term 

(r/a)  lv[2Ji(k^Ro)/k^R„]^lo(k^  ,a>)  in  the  sum  (38a) ,  where  |x  denotes 
the  mode  such  that  lies  nearest  k(u.  Such  a  contribution  would 
have  a  resonant  character  with  peaks  at  frequencies  oo  =  ck,,. 
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given  for  <  0.5  by  Sy  j  -  1^2  =  0.25(k^„)2-  lO.bUk^R^ 

[cf.  Eq.  (140)  further  on].  When  <  Rg/2,  we  then  find  in  place 
of  (98) 

i  2  2 

^ 2Ig('vR;h (1/4)  ((l/4)[l+(4/3)e2+(l/2)(?i+?2)]l4 

1  00  0  o)  (2-99.3) 

+(i/8)[i+2^2<^u^>  +<3/2)  , 


fdiich  reduces  to  Eq.  (98)  when  The  ratio  Q./Q^  may  be 

formed  as  in  the  second  fora  of  (98)  by  writing  21^ (^g)^  HR^ 

It  is  more  useful,  however,  to  consider  Q_/Qq.,  where  Q^_  denotes 
the  result  for  a  flush  element,  not  in  a  rigid  baffle  as  but 

in  a  transparent  baffle  similar  to  the  inner  surface  assumed  in 
deriving  Q  in  (99.3);  for  this  purpose,  one  would  need  to  solve 
the  acoustic  problem  yielding  For  R^^  Rg/2,  the  value  of 

Q_(^>*‘1')  coiiq>lementing  Eq.  (99.3)  is  also  not  so  trivially  obtain¬ 
able. 


2. 6. 1.3  Summary  Discussion 

Consideration  of  (91)  for  q”  indicates  that  the  effect  of 
a  fluid  sheath  relative  to  flush  mounting,  so  far  as  the  excitation 
from  high  wave  numbers  (k  >  (^/U„)  is  concerned,  is  somewhat  of  the 
nature  of  averaging  the  fluctuating  pressure  over  the  entire  exposed 
area  of  the  sheath,  instead  of  over  the  area  of  the  transducer  Itself. 


Similarly,  if  the  inner  surface  Instead  approaches  pressure 
release,  for  wave  numbers  k  ^  R"1  the  factor  |r(k,u),  L)|  2  in 

Bq.  (93)  is  replaced  by 

|[  Vl<„3exp[i(k^-k2)  ^ 

[(k^-k^)^^^^i(k^-k^)^^^  when  k  >  k^.  ] ,  where  ^Q('>rt^Qpc)  denotes 

the  radiation  Impedance  of  the  element  in  a  pressure-release 
surface.  A  result  analogous  to  (99.3)  can  again  be  derived. 

For  wave  numbers  k^R^^  only,  the  contribution  to  is 
modified  relative  to  Qq_  by  the  factor  (2-99.2)  but  with  the 
sign  of  reversed. 


2-42. 


There  is  the  additional  component  Q“  in  the  transmitted  pressure 
that  is  averaged  only  over  the  transducer  area,  but  provided 
cdL/U^  »  1,  It  will  be  smaller  than  Q’  unless  a  is  very  large 
and  at  any  rate  very  small  relative  to  [see  Eq.  (89)]. 

On  the  other  hand,  the  effect  of  thi*  sheath  so  far  as  the  excita¬ 
tion  from  low  wave  numbers  (k  ^  concerned  is  not  sub¬ 

stantial  unless  the  sheath  thickness  is  roughly  at  least  half 
the  radius  of  the  area  (transducer)  jn  question  and  this  radius 
is  roughly  at  most  a  quarter  of  the  sound  wave  length. 

2. 6. 1.4  Spectra  of  Pressure  Averaged  Qyer  the  Active  Area  of 
Arrays  of  Shielded  and  Fltish  Elements 

In  jiractical  application,  not  only  the  average  (noise) 
pressure  on  an  individual  area  beneat.h  the  dome  or  sheath  is  of 
concern,  but  still  more  the  average  pressure  on  an  array  of  such 
areas.  Thus  the  effect  of  the  sheath  on  the  correlation  of  the 
pressure  between  areas  (elements)  must  also  be  considered.  There¬ 
fore,  imagine  aii  array  of  elements  of  radius  with  center  spacing 
D(>  2r^)  and  suppose  r^^  «  [see  Eq.  (99)],  corresponding  to  the 
regime  where  the  sheath  appreciably  reduces  Q_(a), -L).  The  effec¬ 
tive  radius  was  s®en  to  correspond  to  the  largest  area  over  which 
the  average -pres sure  spectrum  is  roughly  independent  of  averaging 
area;  for  much  larger  areas  the  pressure  may  be  regarded  as  roughly 
constant  over  each  partial  area  spectra  of  force 

on  these  areas  added  powerwise  to  obtain  the  spectrum  of  total 
force,  and  thence  average  pressure,  on  the  whole  area  in  question. 
Explicitly,  the  average-pressure  spectrum  on  a  large  interior  area 
is  27rA“^lQ(0)  by  Eq.  (93)*  since  |r(0,-L)|^  =  1;  but,  by  defini¬ 
tion  of  the  correlation  area  A^,  this  spectrum  is  given  by  (Ag/A)Q., 

where  Q  is  the  pressure  spectrum  at  an  interior  point;  the  latter 

"  —9  - 1 

hy  (98),  is  given  by  Q_  2R^  I^(  Rg  );  hence,  on  assumption  that 
I  (.-^R"^)  —  I  (0),  we  have  A  tt  R^  where  R  is  still  defined 
by  (99) .  (If  we  consider  an  area  at  y  =  -L  in  an  infinite  inner 
medium  instead  of  at  a  rigid  inner  surface,  the  spectnam  of  average 
pressure  on  a  large  interior  area  is  smaller  by  a  factor  4,  since 
|r(0,-L)j^  =  1/4,  but  Q_  is  smaller  by  the  same  factor,  and  the 
correlation  area  naturally  i..  still  A^  = 

For  a  large  area  ttR^,  if  is  constant  for  most  k  <  mR'^  but 
Ig  (~R"l)^Io(0)  ,  the  argument  k=0  should  be  replaced  by 
lo  (-R"^). 
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Consider  first,  for  comparison,  an  array  of  N  flush 
elements  of  radius  R^,  where  »  tr  so  that  Q^_ 

represent  the  active  area  of  the  array  as  N('n’R^)»A.  The  spectrum 
of  pressure  averaged  over  the  total  active  area,  say  Q^_,  is  given 
for  center  spacing  6^,  by 


<!o-(®)/N~2^A-\('-R;b  (2-100) 

To  the  extent  that  lo(^Rl^)  1®  Independent  of  R^,  thus  does  not 
depend  explicitly  on  the  size  of  the  elements  (where  R^  »  irU^/oi) 
but  varies  Inversely  as  the  total  active  area  A. 

Now  consider  an  array  of  N'  shielded  elements  of  radius 

2 

r^  and  center  spacing  D  such  that  the  active  area  /.  =  N'(Trr^)  is 
the  same.  We  define  A  =  rr^,  A  *  ttR^.  Two  opposite  limiting 
conditions  are  distinguished:  (a)  »  Ag  (loosely  packed  array); 

(b)  D^«  Ag  (tightly  packed  array)  .  In  the  case  of  loose  packing 
contributions  of  the  elements  to  the  spectrum  of  total  force  on 
the  array  are  nearly  statistically  Independent.  The  spectnim  of 
pressure  averaged  over  the  total  active  area,  say  Q^,  then  becomes 


Q^(co,-L)'^Q.((o,-L)7n' 


(2-101) 


(r^/Rg)  ^H(r2/R2)QA_(a,) 
(D^  »  TR^) 


for  r„«R^ 
for  r„»R^ 
(2-101.1) 


from  (98)  and  (100) .  In  the  case  of  tight  packing,  the  spectrum  of 

pressure  averaged  over  the  total  active  area  differs  little  from 

2 

that  averaged  over  the  total  (active  plus  dead)  area  A.j,  :  A(D  /A^)  . 
Hence , 


0^ (a),-L)^^  ^A’^I^('^A‘^/2)  2TrA‘^I^(^A^^/2)  (7rr  ^/d^) 

(2-102) 

-  ^^(Fr^/D^) 0^,(0)) 

(D^  «  7rR2  «  A  ) 
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by  reference  to  Eq.  (93)  for  a  circular  area  A™  z  ttR-  (or  its 

ic  icic  ^ 

equivalent  for  another  shape),  where  * 


Hj  =  Io(~A^^/^)/ro(~R;'^).  (2-102.1) 

We  recall,  however,  that  (93)  constitutes  an  adequate  approxima¬ 
tion  to  the  corresponding  sum  over  modes  of  (38a) ,  and  the  latter 
in  turn  an  adequate  approximation  only  where  a  range  of  excitation 
wave  numbers  k  that  is  equal  to  many  modal  spacings  (i.e.,  »  tt/sI) 
is  in  question  and  \diere  [2Jj^(kRQ)/kR^]  ,  in  particular^  varies 
only  moderately  over  an  interval  Tr/a  in  k.  This  condition  applied 
to  (102)  requires  that  the  array  extent  be  small  relative  to  the 
dome  size,  «  a.  In  application,  we  will  have  we  may 

hope  the  results  will  be  still  roughly  applicable  if  Rj, 

If  we  consider  an  area  at  y  =  -L  within  an  infinite 
inner  medium  instead  of  at  a  rigid  inner  surface,  Q.(<*i,“L)  and 
likewise  Q^(<iJ,»L),  given  previously  by  Eqs,  (101) -(102),  are 
equal  to  1/4  of  their  previous  values. 

We  also  want  to  consider  arrays  composed  of  ad¬ 
joining  independent  domes  housing  arrays  of  the  type  considered 
above.  In  this  case  we  may  reasonably  assume  the  spectra  of 

noise  pressure  on  elements  in  separate  dome  sections  are  vincor- 
related.  Eqs  (100)- (102)  then  remain  valid  for  spectra  of 
pressure  averaged  over  the  active  area  of  the  elements  in  all 
the  sections  taken  together,  provided  A  in  (100)  is  now  interpreted 

If  Hj,  ^  1,  there  can  be  a  reduction  in  average  pressure  due 

to  a  tight  packing  effect  in  the  case  of  the  flush  array  also, 
requiring  Eq.  (100)  to  be  modified,  as  discussed  further  on. 

**  In  the  further  regime  where  ttR^  ^  A™  we  have  Q^(co,-L)  —  Q.(^,-L) 
~2R"^I  ('^R”^)'=^  (A/7rR^)(r.(“T .  Even  for  co  ="0  the  former  con¬ 
dition  ?s  satisfied  onlf  i?  L^R.j,/2.8. 

'**  In  such  a  configuration  the  present  circular  geometry  assumed 
for  each  section  is  clearly  inappropriate,  but  the  basic 
relations  and  conclusions  remain  valid. 
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as  referring  to  this  grand  total  active  area  (but  with  still 
referring  to  a  single  section) . 

The  probability  that  Is  much  smaller  near  k;=0 

than  Is  stiff Iclent  to  merit  further  attention.  Suppose, 

therefore,  In  the  region  of  low  wave  ntimbers  may  be  regarded 

crudely  as  given  by 

I'  for  k  <  k 
c 

Io(k)  ■=  S  (2-103) 

I"  for  k  >  kj 

where  I'  and  I"  are  constants  with  I"  >  I' .  The  pertinent  product 
lo(k)  |r(k,-L)|  ^  of  Eq.  (93)  then  behaves  similarly  but  cuts  off 
rather  sharply  where  k^'^  R”^  (see  Figure  2-5). 


FIGURE  2-5.  EXCITATION-RESPONSE  PRODUCT  lQ(k) |r(k,-L)  ^  FOR 

A  HYPOTHETICAL  STEP  DEPENDENCE  OF  I„  ,AND  r  FOR 
A  FLUID  DOME. 


\ 


\ 


I^(k)  as  given  by  (103)  may  be  regarded  as  composed  of  a  sum 
Iq  =»  Ij^  +  I2  of  a  spectrum  l2(k)  =  I"  for  all  k  and  a  (negative) 
spectnim  Ij^(k)  =  -(I"-I')  for  k  <  k^,  ll(k)=0  for  k  >  k^.  Two 
pertinent  correlation  scales,  and  k^^(>li^^)  now  enter.  We 
must  then  distinguish loose  or  tight  packing  relative  to  the 

scale  from  that  relative  to  the  scale  k*^. 

c  c 

We  find  in  the  several  combinations  of  interest, 
assuming  A.|.^  k“^; 

1)  Loosely  packed  relative  to  both  scales,  element  small 
relative  to  both  scales;  D  »  k^^,  r^  «  R^: 

0^(01, -L)  ~ 2irA‘^^[  |R;^-(l/4)k|  j  I"+{l/4)k|l'  ]  (2-103.1) 

2)  Loosely  packed  relative  to  small  scale,  tightly  rela* 

tlve  to  large,  element  small  relative  to  both; 

k*^  »  n  »  R  ,  r^  «  R^: 
c  e*  o  e 


0^(0), -L)  ^2TrA“^rQ[R“^I'!.T»D“^(l"-l')  ] 


(2-103.2) 


3)  Tigh  ...y  packed  relative  to  both  scales:  D  «  R^: 


Q^(a),-L)  27rA’^(7rrJ/D^)I' 


(2-10343) 


4)  Loosely  packed  relative  to  both  scales,  element  large 

-1  -1 

relative  to  small  scale  only;  D  »  k^  ,  k^  »  r^  »  R^: 


■*'  »A-^[  I"-(l/4)  (k^r^)  ] 


(2-103.4) 


5)  Loosely  packed  relative  to  small  scale,  tightly  relative 

to  large,  element  large  relative  to  small  scale  only; 

k"^  »  D  »  R^,  k’^  »  r^  »  R^: 
c  e*  c  o  e 


Q^((o,-L)  ‘2'2TrA’^[I"-(7rrW)(l'*-l*)  ]. 


(2-103.5) 
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If  the  constancy  of  I^(k)  for  k  >  is  regarded  as  somewhat 
relaxed,  I"  in  cases  1)  and  2)  are  to  be  regarded  as 
anti  in  cases  4)  and  5)  as  • 

From  cases  4)  and  5)  the  similarly  generalized  re¬ 
sults  for  a  flush  array  may  be  inferred  by  letting  -»>  0.  With 
r^  replaced  by  and  with  I”  =  these  become 


4*)  D  »  k"^,  R^  «  k*^: 

c  *  o  c 


r 

L 


l}J.(<“)  -  ]  (2-103.6) 

S')  D  «  «  k;l: 

]  (2-103.7) 

Once  !5ore,  if  we  have  a  nxmiber  of  independent  dome  sec¬ 
tions,  Eqs.  (103.1) -(103. 7)  still  apply  to  the  spectra  of  pressure 
averaged  over  the  total  active  area,  with  A  interpreted  as  the 
new  total  area. 

The  formulas  above  remain  roughly  correct  when 
the  stated  extreme  inequality  conditions  are  satisfied 
only  roughly  as  inequalities.  Eq.  (103.6)  and  (103.7)  generalize 
(100),  Eqs.  (103.1)  and  (103.2)  generalize  (101),  (103.5)  general¬ 
izes  (101.1),  and  (103.3)  generalizes  (102).  In  order  of  magni¬ 
tude,  however,  (100) -(102)  remain  correct  provided  the  factors 
H  and  Hj,  are  retained  in  general  form.  We  recall,  in  the  case 
of  several  dome  sections,  that  refers  to  an 

area  of  the  order  of  the  area  of  a  single  section. 

To  compare  dome-shielded  and  flush  arrays,  it 
suffices  to  consider  a  single  dome  section.  Let  the  center  spacing 
of  the  flush  array  now  be  and  its  active  area  be  A^,  which  may 
differ  from  the  spacing  D  and  active  area  A  of  the  shielded  array. 


We  note,  however,  the  substantial  reduction  possible,  according 
to  (103.7)  or  (103.5),  by  tight  packing,  if  In(k)  should  have  the 
dip  hypothesized.  ° 
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Suppose  the  total  area  A^  of  the  flush  and  shielded  arrays  is  fixed 
independently  of  flow-noise  considerations,  and  so  also  the  maximum 
array  factor  ‘itRo/I^q  t;he  flush  array  and  the  minimum  element  radius 
r^  and  minimum  spacing  D  in  the  shielded  array.  We  then  have 

=  A^(D^/Trr^)  =  A(D/Trr^) .  In  such  case,  since  the  active  areas  of 
the  flush  and  shielded  arrays  are  not  assumed  equal,  in  place  of 
Eqs .  (100) - (102) ,  we  rewrite  the  spectra  of  pressure  averaged  over 
total  active  area  for  the  flush  and  shielded  arrays,  for  fixed 
total  area  A^,  as 


.-U 


(2- 103. 7a) 


0^(co,-L) 


A-  ^ 


H(D/D„)2(r2/r2)(^o 
=  H(A„/A)(r2/R2)o;^  (r^«  R^) 


=  (Ao/A)<!o-  . 


(D^»irR^) 


•  (D^«^Re^<AT) 


(2-103. 7b) 

Suppose  a'*.sj  that,  within  the  given  restrictions,  the 
incident  signal  pressure,  in  active  as  well  as  passive  operation, 
is  nearly  independent  of  element  radius  or  spacing.  By  this 
supposition,  the  signal-to-noise  ratio  vaites  inversely  as  the 
spectrvim  of  noise  pressure  averaged  over  the  active  area  of  the 
array.  According  to  (103.7a),  so  far  as  determinined  by  low 


* - 

Thus,  in  the  regime  considered,  the  power  transmitted  by  a  cavita 
tion- limited  active  array  is  recognized  as  roughly  independent  of 
active  area,  in  consequence  of  the  effect  of  mutual  coupling. 
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exeltutloQ  wave  tnmbers,  for  a  flush  array  the  signal- to-noise 
ratio  is  maxiotized  by  maximizing  the  array  factor  A^/A.^,.  According 
to  (103.7b),  for  a  shielded  array  the  ratio  is  maxi^zed  for  fixed 
r^,  30  far  as  the  higher  freqtiency  range  where  irR^  ;^D  is  con¬ 
cerned,  by  minimizing  D.  Figure  2-6  shows  the  factor  by  which  the  noise 
(Q^  ^8  reduced  relative  to  that  for  a  flush  array  of  the  same 
total  area  (0^6)  (with  element  radius  as  a  function  of 

R'^,  i.e.,  of  frequency  on  a  certain  nonlinear  scale.  It  is  as- 
simed  that  Dashed  lines  show  the  same  factor  for  a  larger 

D,  and  again  for  a  smaller  r^.  Figure  2-7  shows  the  ratio  in 

o  1/2 

question  where  it  is  assumed  instead  that  Hj.  ^  H  when  R^  ^  A^' 

and  H  thtis  increases  with  R~^. 

e 

Returning  to  the  assumption  that  we  see 

that  the  reduction  factor  due  to  the  fluid  dome  can  be  made 
only  as  low  as  the  plateau  value  A^^/A^  in  Figure  2-6,  i.e., 
equal  to  the  array  factor  for  the  flush  comparison  array.  Thus  if  a 
100%  array  factor  were  achievable  in  a  flush  array,  the  low- 

wavenumber  noise  would  not  be  reduced  at  all  by  use  of  a  fluid 
sheath. 

If  o)  (=2Trc/>'_)  is  the  highest  frequency  of  conceim,  the 

III  m  1/2 

same  (maximum)  noise  reduction  is  attained  for  any  D  ^  » 

provided  the  sheath  thickness  is  taken  to  make 
this  condition  yields 


(l/5)D(l-TrD2/X^)  .  (2-103 .7c) 

The  requisite  thickness  is  thus  minimized  by  minimizing  D.  (At 
fixed  D  the  noise  reduction  is  nearly  independent  of  r^^  at  all 
frequencies  such  that  ^o’^ 

The  minimum  spacing  D  is  constrained  by  the  economic 
limitation  on  the  number  of  elements  to  be  employed.  In  an  active 
array  it  is  further  constrained  by  its  relation  to  the  minimum  ele¬ 
ment  radius  at  which  the  elements  radiate  power  with  adequate 
efficiency. 
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Eq.  (2'-99).]  The  flush  and  shielded  arrays  have  same 
total  area  A,^  and  active  areas  and  A,  respectively. 

Three  curves  (drawn  with  unrealistic  square  comers 
for  simplicity)  are  shown,  corresponding  to  two  differ¬ 
ent  radii  r  and  center  spacing  D  for  the  shielded 
elements.  ('vk)  is  assumed  roughly  constant  for  the 

pertinent  low-wavenuBd>er  ranges  r 


Figure  2-7.  Reduction  factor  defined  as  In  Figure  2-6.  It  Is  now 

assumed  that  the  average  I  (rvk)  (and  hence  H)  decreases 
In  soam  way  as  the  effective  upper  limit  on  the  wave- 
nua^r  range  In  question  decreases,  so  that  «  1. 


i 
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Assuming,  for  exan^le,  a  flush  comparison  array  with 
array  factor  <  257,,  we  may  similarly  compute  the  maximum  frequency 
below  which  the  reduction  factor  for  the  shielded  array 

w 

corresponds  to  an  ixiq>rovement  of  signal-to-noise  ratio  by  at 
least  6  db.  The  result  is  shown  as  a  function  of  L  for  two 
values  of  r^  in  Figure  2-8.  The  value  of  approached  asymp¬ 
totically  at  large  L  is  c/r^;  cu^  equals  0.86  of  that  value  when 

L  s  1.4r^  or  0.71  of  it  when  L  =  r^.  If  c  has  the  value  for 
o  o 

water,  for  exaoqple,  at  L=  r^  we  have  aj^/2Tr  =  13kc/2r^  with  the 
diameter  2r^  expressed  in  inches. 

Still  assuming  1,  we  compare  a  specific  typical 

array  when  shielded  with  the  same  array  when  flush  mounted.  Suppose 

D  =  7.75  in.,  r^  =  2.5  in.,  aj/2Tr=2.4kc  (A=24  in.).  Then  the  array 
o  2  2 

factor  is  A/A^  =  0.327.  For  any  L  >  1.9  in.,  we  have  ttR^  >  D  , 

whence  0.327  Q^_,  i.e.,  the  low-wavenumber  noise  is  roughly 

4.8  db  below  that  for  the  same  array  if  flush  mounted.  Now  com¬ 
pare  a  shielded  array  with  the  same  Aj,  but  a  1007,  array  factor 
(A/Aj,=1)  .  For  any  L  (including  L=0  if  such  an  array  without  dome 
were  structurally  possible)  this  array  averages  the  noise  over 
A_,  and  thus  yields  the  same  noise  level  as  did  the  32.77,  array  for 

^ ,  irk 

L  >  1.9  in. 

We  consider  crudely  the  array  aspect  of  the  noise  con¬ 
tribution  from  high  excitation  wave  numbers.  As  we  saw,  by  taking 
L  >>  (a  modest  requirement  for  most  frequencies  of  interest) 

we  can  substantially  obliterate  the  direct  convective  part  q” 

(Eq.  (88)),  leaving  the  propagation  overlap  part  Q^.  In  a  limited 
regime,  roughly  for  very  large  u)a/c,  we  saw  also  that  the  interior 
pressure  spectrum  is  then  conveyed  mainly  by  wave  numbers  k^^  oo/c 
[Eq.  (87)]. 

We  regard  first  an  array  of  N  flush  elements  of  radius  R^, 
where  »  tt,  with  cross-stream  spacing^  6^,  yielding  an 

active  area  A  =  N(7rRQ)  .  For  the  high-wavenumber  contribution  to 
the  spectrum  of  pressure  averaged  over  the  active  area  we  have 
roughly 

This  reduction  refers  to  the  case  of  a  rigid  inner  surface  at  y  =  -L. 
If  L  refers  Instead  to  depth  in  an  effectively  infinitely  deep  inner 
medium,  as  noted  before,  there  is  an  additional -^6-db  reduction 
relative  to  flush  mounting  in  a  rigid  baffle. 

This  result  neglects  the  effect  of  any  difference  in  the  impedance 
properties  of  the  inner  surface  for  the  1007,  and  32.77,  arrays. 
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UPPER  FREQUENCY  LIMIT  ut^/Z  w  (KC) 


(2-103.8) 


^  Qo+(“)/N  , 

where  s(<l))  is  given  from  Eq.  (65b)  as 

8(0))  =  7  dkk’^i  (k,a))  (2-103.9) 

“/U„  ° 

[cf.  (100)].  Regarding  now  the  shielded  array,  we  again  distinguish 

loose  and  tight  packing.  Considering  the  regime  where  Eqs.  (87)  and 

(91)  are  indicative,  the  packing  criterion  pertains  to  the  relative 

magnitudes  of  the  spacing  D  and  k”^  (=  c/o)  =  A/2Tr) .  With  N'  loosely 

^  -1  '  -1 

packed  elements  of  radius  r^ji.e.,  for  D  »  k^  ,  with  ^^<^5  ,  we 
have  a  high  wavenumber  contribution  to  the  spectrum  of  pressure 
averaged  over  the  active  area  given  by 

(2-103.10) 

Using  the  order -of -magnitude  form 

qP(co,-L)^  (2-103.11) 

based  on  Eq.  (91)  together  with  (103.8),  we  then  obtain  the  rela¬ 
tion  of  Q^(oo,-L)  to  Q^^(^)  for  a  flush  array  of  the  same  active 
area 


qJ (0) , -L)  ^ TT r 2 (TTa^)  (cu) 


(2-103.12) 


With  tight  packing,  D  «  k'^,  will  be  still  smaller 

•  1  ^ 

provided  the  total  area  A.^,  »  k^  ,  since  the  interior  pressure 

spectrum  falls  off  for  k  <  k^^^,  resulting  in  cancellation  [cf.  (102) 

or  (103.3)1.  We  consider  cmidely  the  average  pressure  for  an  area 

-1/2  1/2 

by  replacing  k^R^  by  v  argument  of  the  area¬ 

averaging  factor  r2Jj(z)/z]^  in  Eq.  (87),  and  consider  the  resulting 
factor  as •^(k2A.j,^^  )“J.  We  may  then  suppose,  in  order  of  magnitude, 
that 
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Q^(a),-L)^(k^A^/2j -3qP^^ 

MV)  (ai)rv(k^a)  ~^(Trr^/J)^)^^h'^^h((ii) 

°  (2-103.13) 

M“a/c)  “^(A/Aj,)  (ttkI/Kj,) 

(D  «  k^^ 

by  \jse  of  (103.8)  [cf  .(103.12)  ].  (c»ia/c  »  1  where  this  result  has 
validity.) 

The  crude  estimates  (103.12)  and  (103.13)  are  based  on 

results  [e.g.  Eq.  (87)]  valid  only  if  the  averaging  area  is  small 

and  far  from  the  dome  periphery;  hence  (103.12)  and  especially 

2 

(103.13)  require  A.J,  «  7ra  ,  i.e.,  the  total  array  area  in  each  dome 
section  must  be  small  relative  to  area  of  the  section.  This  con¬ 
dition  is  not  well  satisfied  in  cases  of  interest.  Furtheimore, 
the  results  depend  sensitively  on  the  lateral  boundary  conditions. 
Nevertheless,  it  is  clear  that  0^(<ii,-L)  for  a  shielded  array  can 
be  made  much  smaller  than  Q^^(“)  for  a  flush  array  of  the  same 
active  area  by  taking  the  sheath  area  large  relative  to  the 

area  of  individual  elements  and  somewhat  larger  than  the  sound 
wave  lengths  of  concern. 

We  may  now  consider  the  probable  noise  reduction  achiev¬ 
able  by  use  of  a  fluid  sheath  of  small  thickness.  The  conclusions 
may  be  presumed  applicable  also  to  an  actual  elastic-solid  sheath, 
provided  the  transverse  sound  velocity  in  the  latter  greatly  exceeds 
meeting  the  order -of -magnitude  assumptions  made  here  regarding 
c.  If  the  contribution  Q_  frcm  low  excitation  wave  numbers  in  fact 
predominates,  as  indicated  by  the  observed  area  dependence  on  large 
flush  transducers,  present  analysis  shows  that  a  fluid  dome  permits 
significant  noise  reduction  only  if  r^,  where  r^  is  the  radius 
of  the  shielded  elements  employed  (Figure  2.8).*  If  instead  the 
rr 


If,  however,  the  wave-number  spectrum  of  excitation  contains  a 
spike  at  k  ^  ‘^/c,  as  speculated  before,  this  contribution 
will  not  be  reduced  by  the  sheath  independently  of  L. 


convective  contrlutlon  from  high  excitation  wave  numbers  predom¬ 
inated  in  the  average-pressure  spectrum  on  large  flush  elements, 
significant  noise  reduction  could  be  achieved,  provided  only  that 
L  »  and  that  the  lateral  size  of  the  sheath  (or  each  section 
thereof)  is  large  compared  to  individual  element  size. 

2.6,2  Covered  Dome 

When  the  dome  has  a  cover  (plate  or  membrane) ,  a  more 
or  less  sharp  resonance  in  r(k^  y)  occurs  if  This 

resonance  may  conceivably  be  sharp  eujugh  that,  even  if  lQ(k)  is 
relatively  small  for  k  <  k^,  nevertheless  Q_(y)  in  (26)  contains 
a  significant  contribution  from  k^k^;  in  the  approximation  of 
(38a),  the  terms  with  k  -6k  <  k  <  k  +  6k,  if  no  others,  may 
then  need  to  be  retained.  (As  we  have  seen,  however,  Q,(y)  is 
indicated  by  the  observed  area  dependence  of  noise  on  flush  ■ 
mounted  transducers  to  be  the  dominant  contribution  even  in  the 

absence  of  resonances.)  Likewise  the  k_  in  this  interval  make 

n  _ 

a  pronounced  contribution  to  the  sum  in  Q”(y)  in  (38c);  thus, 
in  approximation  (41),  2  ,  which  was  set  equal  to  zero  for  the 
fluid  domej  now  contributes.  The  regions  of  the  (k,k^) -plane 
embraced  in  this  approximation,  including  the  non-resonant  contri¬ 
bution  to  Q_(y),  are  shown  in  Figure  2-9  (cf.  Figure  2-2).  The 
relevant  regions  are  crosshatched. 


* 


Consistently  with  Eqs.  (37)-(38)  and  (41),  representing  Eq. 
(23)  by  Tj^(k,y)  =  similarly  for  S^^)  ,  we 

may  neglect  t^  -  in  2^,  and  write  for  use  in  (41)  and 


(38c) 


r 


tnCr(kn,y)“r(k 


n+l 


y)] 


where  the  prime  on  the  sum  on  n  on  the  right  denotes  restriction 
to  even  n  only. 
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2. 6.2*1  Contribution  fr«a  Hltth  WavHunbere 

Roforring  to  Q^(y)  wi  nny  «s«ln  define  e  ipeotrum 

nodlfieatlon  fector  A(l(»y)  E<1*  (60),  end  thence  the  locel 

everege  ^  (k, j) ,  whence  Eqe.  <8l)-<84)  egeln  cpply,  provided  the 
requlelte  conditions  of  Section  2.4.3  for  Eqs.  (38b) •* (38c)  ere 
•etltfled.  If  the  conditions  for  (43)  ere  elso  setlsfled,  e 
sultebly  modified  form  of  Eq.  (87)  epplles  with  e  contribution 
from  of  (41)  Included.  (The  crosshetched  strip  centered  et 
••  In  Figure  2-9  then  contrects  to  venlshlng  width.) 

Further  end  eltemetlve  epproximetlons  elso  merit  men-  / 
tlon.  If  the  resonence  Is  sufficiently  broed  (reletlve  to  ir/a) 
end  deaped  thet.  In  eddltlon  to  (56)  the  epproprlete  one  of  the 
following  conditions  Is  setlsfled: 

ky^(6k)’V^/\'-g^[(ag/Sk2)o]*^  «  1  (rigid) 

(2-104) 

i4/2(6k)-V3/\;2g;[(dg/akj)„)-i « 1,  (fr..) 

where  ^  r(k^,/)  end  it  Is  essumed  thet  k^  Ek^,  then  In  (41) 

the  pertiel  sum  es  estlmeted  by  use  of  Eq.  (17),  Appendix  2, 

Is  smell  cooq>ered  to  es  given  In  Eqs.  (43),  end  the  resonance 
contribution  In  Q^(y)  or^^(k,y)  may  be  neglected.  In  this  ex¬ 
treme  limit,  which  would  apply  for  sufficiently  large  a,  the 
resonence  behavior  of  g(k^j,  h2jj»y)  [*r(k^,y)]  Is  entirely  Ir¬ 
relevant  to  the  pert  of  the  force  spectrum  deriving  from  k  >  k^. 

In  consequence  of  the  alternation  of  signs  In  end  the  assumed 
close  spacing  of  the  k^  such  thet  contributions  from  neighboring 
n  cancel  one  another  except  where  k^^k^^. 

Similarly,  If  the  resonence  Is  sufficiently  broed  thet 
Oka/TT  »  1 


We  recall  thet  g^  may  be  considered  roughly  proportional  to 
(6k)"^  [see  Eq.  (1-38)]. 


(2-105) 


and,  in  addition,  roughly 


kj.a/Tr  »1,  kj.L/jk2-k2j’'^^a  «  1  (2-106) 

(c£.  50)),  the  contribution  of  (33),  if  assumed  to  derive  appreciably 
only  from  k^  and  k  both  near  k^  as  suggested  in  the  paragraph  fol¬ 
lowing  Eqs.  (43),  may  be  approximated  alternatively  to  (34)  by  the 
corresponding  form  for  an  infinite  dome; 

kj.+6k 

Q.(“.-L)~/  dkk[2Jj^(kRg)/l*^]\(k)|r(k,y)|^  (2-107) 

k^-6k 

When  on  the  contrary,  the  spacing  of  the  k^  is  rather 
broader  than  the  resonance  peak  in  r(k,y),  i.e.  6ka  It  °>Ay 

suffice  to  include  only  one  pair  of  terms,  or  even  one  term,  in 
in  (41)  and  in  (38a) ,  When  6ka  «  "sr  (but  the  other  assumed 
conditions  for  (37)-(38)  still  apply),  no  terms  at  all  may  con¬ 
tribute  appreciably,  except  that  as  the  frequency  w  and  hence  the 
resonant  wave  number  k^((u)  is  varied,  a  succession  cf  single  terms 
n  will  contribute  over  the  successive  narrow  frequency  intervals 
where  their  respective  satisfy  roughly 


kj.(co)  -  6k  <  k^  <  kj.(co)  +  6k.  (2-108) 

Let  us  consider  the  resonance  properties  in  the  vicinity 
of  the  frequency,  say,  at  which  the  v-th  mode,  of  wave  number 
k  ,  is  in  resonance  j|k^  —  (v/a)(v  +  s)  ,  where,  in  the  present  model, 
s^=  1/4  for  a  rigid  wall  and  s  =  3/4  for  a  free  wall].  Thus  we  have 
(jb  =  co^(k^),  with  o)^  given  by  Eq.  (1-56)  or  equivalently  k^(a)^)  =  k^, 
with  k^  given  by  Eq.  (1-38.1).*  We  denote  also  other  functions  of  k 

*  If  we  had  k^(oD)  ^  sv/a  up  to  the  highest  frequency  of  interest^ 

there  could  be  no  mode  v  in  resonance  in  this  frequency  range. 

Since,  hov/ever,  k^(a))  ^  k^^  (=u)/c) ,  independently  of  k^,  i.e., 

no  matter  how  stiff  the  isolated  plate,  this  condition  would  imply 
^a/c  ^sw,  i.e.,  a  lateral  dome  radius  a  small  compared  to  a 
sound  wave  length  in  the  fluid. 
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evalxiated  ct  k  «  by  a  subscript  v.  Assuming  that 
kj.— ’k^  in  accord  with  Eq.  (1-52),  by  Eq.  (1-4.1)  the 
frequency  apacihg  of  resonazuies  in  the  vicinity  of  the  v-th 
resonance  is  given  crudely  in  terms  of  the  vave-nuniber  spacing 
Ak^  by 


aV“v  PLir/k^a'^fi/(v+s)  (2-108.1) 

where  ji  »  2  for  a  plate  and  m-  =  1  fcr  a  membrane «  I.e.,  the 
logarithmic  spacing  is  roughly  inversely  proportional  to  mode 
nxsober  v.  As  for  the  absolute  spacings,  we  have 


'^2a^(Tr/a)^(v  +  s) 


(plate) 
(membrane)  • 


To  test  whether  resonance  is  broad  enough  in  wave- 
number  that  more  than  one  k^  can  be  near  resonance  at  the  same 
0),  we  must  consider  whether  Bk^a/ir^  1,  where  6k^  for  a  plate  is 
given  by  Eq.  (1-42)  evaluated  at  whence 


6k^aA  ~  (1/5)  (v+«X?+0/“v) (l+2/l'v*'>’'’]  •  (2-109) 

At  fixed  damping,  this  dimensionless  resonance  breadth  is  thus 
roughly  proportional  to  mode  number. 

In  the  vicinity  of  the  resonance  at  we  may 

write  r(ky,u),y)  for  use  in  Q.(<*>,y)  by  Eq.  (1-54)  as 


r(k,,“,y)  -  (ffl/m  >.l+lc, 


(2-110) 


where  by  Eqs.  (1-56),  (1-58) 


U) 
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-  B(k^)/<o^'=^(k^h)’^(l+2/k^h)‘’-e*pt-(K2yI.-l4]. 
X  ch[K2y(y+L)-i<t], 


(2-112) 


-  6<»(k^)/<o^  ^  (1/2)[C  +0/V(l+2/>'vW^].  (2-113) 

and  for  a  low-lnq>edance  Inner  surface  must  be  modified  as 
stated  at  (1-44).  The  peak  value  of  r,  namely  r(ky,a)^,y)  ^by/c^ 
contains  a  factor  (kyh)“^<.  (v+s)*’^  that  decreases  with  Increasl^ 

mode  ntmiber  v;  in  addition,  however,  the  exponential  factor  decreases 
to  the  extent  of  an  increment  “  -Tr(L/a)(ky/lC2vH*'  argument  per  unit 
increase  in  v. 

To  fix  ideas,  we  consider  again  the  example  of  a  steel 
plate  of  thickness  0.25  in.  (and  unstiffened  by  resonators)  with 
water  loading  both  sides  and  assume  a  dome  radius  a  =  0.5  meter. 

We  then  have 


a^  =  8.5  m^/sec,  h  »  0.049  m., 

For  example,  we  consider  the  properties  of  resonances  with  fre¬ 
quencies  o)^  in  the  neighborhood  of  3  kc.  We  take  k^  —  (v  +  l/4)7r/a 
(appropriate  for  rigid  walls  but  nearly  correct  in  any  case  when 
V  »  ^  From  (112)  we  find  by  use  of  the  approximation  (1-57)  that 
the  resonances  of  modes  v  =  8  and  v  =  9  fall  at 


0i>g/2Tr 2700cps  and  —  3460  cps  (2-114) 

(For  cosq>arlson,  these  modal  frequencies  for  the  unloaded  plate 
would  be  =  3630  cps  and  =  4570  cps.)  The  corresponding 
resonant  wave  numbers  k  are 

V 

kg  =  51. 8m’^  and  k^  =  58.1m“^. 

At  the  frequencies  cug  and  cu^,  the  wave  numbers  of  sound  in  the 
water  are 

£^g/c  =  11. 3m’^  and  (^^/c  =  14. 5m”^. 

In  Eqs.  (112)-113)  the  quantity  k^h  for  v-9  is  given  by  kgh>«2.85. 

With  reference  to  the  exponential  attentuation  of  the  resonant  mode 
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r 


vlth  depth  as  given  by  (110)  and  (112) ,  for  v  >  9  we  have 
K2y  ■  50 *601*^,  whence  the  exponential  factor  in  |r|^  at  y  »  -L 
(with  o^O)  is  only  0.01  for  a  depth  as  shallow  as  L  «  4.6  cm. 

For  a  thinner  or  less  stiff  dome  cover  the  attenuation  of  the 
modes  resonant  in  the  same  frequency  range  would  be  still  more 
rapid. 

2. 6. 2.2  gsMmat^  Spectrum  (Excluding  Low  Non-resonant  Wave- 

As  an  example  for  estimation^  consider  the  regime  where 
Eqs.  (43)  hold  for  »  but  26ka  <  tt,  so  that  and  the  resonant 

part  of  asy  may  be  approximated  by  retention  of  the  single 
n  nearest  resonance,  say  n  -  v  (v  thus  changes  with  u>)  .  Collecting 
previous  equations,  we  then  hav'ii 


00  rJ 

q(y) -q.(y)  +  /  dkki„(k)A(k.y), 


Q.(y)  =  Q!(y)-t<5!(y), 


Ql(y)  ^(’r/o)k^,[2J^(k„R„)/k^R^]^I„(k^)|r(k^,y)|  ^ 


A(it,y)  -Aoo  +/\-» 

A«  -  [2Jj(kR^)/kR^]^|r(k,7)P 


Rigid-wall  case: 


1/2 
v» 


k‘-k 


r(k^,y)+  5 


(2-115) 

(2-116) 

(2-117) 

(2-118) 

(2-119) 

(2-120) 
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(?-121) 

Free-wall  case: 


n\*y)  +  2^p  (2-122) 

^0.  -  -T^^--  jM^)  (-)*'^^«(I>)-1M(1-I>))- (2-123) 

Consideration  of  the  non-resonant  part,  Q|^(y),  of  Q.(y)  will  be 
deferred  to  the  following  subsection. 

Assuming  once  more  that  we  esti¬ 

mate  crudely  the  various  contributions  to  Q(<Ji>,y) .  We  denote 
the  contribution  in  (115)  due  to  in  (118)  by  Q*((A>,y)  , 
calling  it  now  the  direct  convective  part;  we  denote  the  contribu¬ 
tion  in  (115)  due  to  the  squared  (pure)  resonance  term  of/\,  in 
(120)  [or  (122)]  by  (<J^iy) ,  calling  it  the  resonance  overlap  part., 
and  that  due  to  the  pure  non-resonance  term  in  (120)  by 

w,y),  calling  it  the  propagating  overlap  part;  finally,  we  now 
call  the  contribution  Q^(<ii,y)  in  (116)  the  direct  resonance  part. 

We  do  not  estimate  explicitly  the  contribution  due  to  the  cross¬ 
term  of  A_  in  (120),  since  at  most  its  magnitude  will  lie  between 
those  of  the  two  squared  terms. 

In  connection  with  Eq.  (119)^  we  recall  Eqs.  (85), 

(86),  and  (65b).  The  estimate  (89)  once  more  applies  to  Q^(<ii,y), 
but  I  rj ^  is  different  from  what  it  was  for  the  fluid  dome.  For 
a  rigid  inner  surface,  assuming  jCj.,  we  have  from  (1-59) 


A.  -  8r;W'^  -(-) 


(2-124> 


|r(«>/TiU^,a),y)[  4(a)/TiU„kQ)“^*'(a)h/TiUj‘^ 

xexp  (-  2oJL/tiU«)  ch2[a>(y+L)  /t^U^  ] 


In  vdilch  n  a  4  for  a  plate  and  n  =  2  for  a  membrane  and  the  ef¬ 
fective  T)  will  be  slightly  larger  (near  unity)  than  that  In 
(90)  . 

The  other  non-resonance  contribution  In  the  present 

approximation  Is  again  given  by  (91)  In  the  case  of  rigid  lateral 

walls  and  a  rigid  Inner  surface  and,  as  before,  by  (91)  with 
2  2 

L  replaced  by  (y  +  L)  in  the  case  of  a  pressure-release  Inner  sur- 

2 

face.  In  the  case  of  free  lateral  walls  a  factor  (t]U^/c)  must  be 

adjoined.  For  a  mixed  Impedance  condition  at  the  Inner  surface  or 

2 

an  Infinite  inner  medium,  L  Is  replaced  by  a  factor  containing 
the  dome  inpedance  for  k  =  [Eqs.  (44),  (46.1)].  The  correct¬ 
ness  of  the  approximation  (91)  In  this  Instance  requires,  we  recall, 
that  condition  (57)  as  well  as  conditions  (52)  be  satisfied. 


The  direct  resonance  contribution,  for  k^R^  is 

estimated  from  (117)  by  insertion  of  Eq.  (110)  as 


0!(<“,y)  -  (ir/a)k„l  (k  .0)) 


V  O'  V’ 

2 


(2-125) 


TT 


-11  + 


[(^/%)-i]  •  -V 


where  the  second  form  follows  from  Eq.  (.2-69)  on  assuiuption  that 
Io(kv,t‘^)-^  Io(^Ro  ,^)  •  (Q_  is  independent  of  R^  in  approximation 

(125)  notwithstanding  the  explicit  introduction  of  R^  in  the 
second  expression.)  As  noted  before,  the  magnitude  of  depends  on  the 
excitation  spectnim  in  the  obscure  range  of  wave  numbers 
k  ‘-■A  a)/U^. 
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The  resonance  overlap  contribution*  for 
and  is  similarly  estimated  from  (115) ,  (120) ,  and 

(110)  in  the  case  of  rigid  walls,  as 

1,2 

[(“>/%) -I]  +e;  ^ 

(which  is  independent  of  R^) .  In  the  case  of  free  walls ,  an 

2  o 

added  factor  (tjU^U^/oj)  is  required  [cf.  (87)]. 

We  reiterate  that  for  sufficiently  large 
6ka  many  terms  n  must  be  retained  in  the  resonance  sum  Z,.  in 
/\.  (rather  than  only  n  =  v) ,  and  in  the  limit  these  contributions 
cancel,  leaving  to  lowest  order  in  (120),  122)  only  the  non-reso- 
nant  parts. 

Eqs.  (125)  and  (126)  yield  as  the  order  of  magnitude 
of  the  ratio  of  direct  resonance  to  resonance-overlap  contribu¬ 
tions 


Q!/Q^~2(a/Rj(Q^./Q^).  (2-127) 

In  the  case  of  free  walls  the  ratio  (127)  contains  the  additional 

2 

factor  (‘‘i/qUggk^)  (>  1)  .  On  acceptance  of  the  observational 
evidence  that  ^  for  we  infer  »  Q^. 

2. 6. 2. 3  Contribution  from  Low  Wave-Numbers 

The  contribution  Q.(o>,y)  was  considered  in  detail  for 

the  case  of  the  fluid  dome  in  Section  2. 6. 1.2  on  assumption  that 

I..(k)  varies  little  with  k  for  0  <  k  mR"^  with  m  >  2Tr,  and  does 

not  become  much  larger  until  k  >  a>/U„.  In  the  present  case,  ap- 

proximation  of  the  sxm  (38a)  by  the  integral  (93)  will  ordinarily 

fail  for  k^  near  resonance  unless  the  damping  is  high  or  the  level 
n  I  I  2 

spacing  (^  7r/a)  very  small.  If  the  interval  of  k  where  j  r(k,y)  »1 

near  resonance  is  «  7r/a,  however,  at  most  a  single  k^  will  be 

significantly  nearly  resonant  at  any  given  frequency.  In  such  case 

Q_(to,y)  may  be  reasonably  approximated  as  a  sum  of  a  single-mode 
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resonant  term  n  «=  v  cuid  an  Integral  representing  the  remaining 
modes  and  properly  excluding  some  Interval  of  k  near  k^.  The 
slngle*mode  part  was  considered  already  In  the  preceding  sub¬ 
section.  The  crudity  of  our  model  does  not  Justify  a  thorough 
treatment  of  this  separation.  He  must  Inquire,  however,  broadly 
how  the  non-resonant  contribution  to  Q_  differs  from  that  for  a 
fluid  dome  and  whether.  In  particular.  It  can  be  made  much  smaller 
by  proper  choice  of  dome-cover  parameters. 

can  be  made  appreciably  smaller  than  Its  value 
for  a  fluid  dome  only  by  making  the  absolute  value  of  the  dome-cover 
Impedance  large  enough  that  |r(k,-L)j^  «  1  for  most  k  <  1^,  as 
well  as  for  k  ri^oderately  larger  than  k^^.  Obviously,  however,  to 
do  so  will  reduce  signal  transmission  as  surely  as  It  will  reduce 
noise  and  therefore  affords  no  advantage.  Specifically,  If  a 
signal  Is  Incident  from  an  angle  9  from  the  normal.  It  corresponds 
to  a  wave-number  component  (u>/c)sln9  parallel  to  the  dome  face 
and  will  be  attenuated  In  accord  with  the  value  of  j  r^co/c)  sln0,-l^ 

Even  If  a  "window"  Is  arranged  such  that  this  value  Is  not  small 
for  sOT>e  particular  value  of  9,  making  jr(k,-L)j^  «  1  for  most 
k  <  k^  will  Imply  poor  transmission  of  the  signal  for  some  other 
value  of  9.  We  proceed  to  Indicate  how  Q_  Is  modified  by  the  dome 
cover,  though  for  the  reason  above  one  would  not  wish  this  modifica¬ 
tion  to  be  great. 

From  Eq.  (1-12)  with  p'^=  p  ,  c^  =  c”,  negligible  damp¬ 
ing,  and  a  rigid  Inner  sur;:ace  (a  =  0)  assumed,  we  have 


r(k,y) 


cos[  (k^-k^)^^^(y+L)  ] _ 

exp[-l(k^-k2)^/\]+(k^-k^)^/2hsln[(k^-k^)^/^](q^-l) 


(2-128) 

The  value  of  jr(k,y)j  ^  near  a  non-pressure-release  Inner  surface 
(y  =  -L)  Is  seen  to  be  appreciably  smaller  than  unity  for  most 
k  <.  k^  unless 


k,„h  <  1 

[we  recall  that  h  =  a/p  =  h^Cp^/p)]. 

We  consider  first  a  dome  cover  with  low  stiffness, 

since  this  type  yields  a  simpler  analysis  and  has  some  advantage 

for  noise  attenuation.  For  low  stiffness,  we  have  »  k^^, 

i.e.,  free-wave  length  of  the  isolated  cover  small  compared  to 

wave  length  of  sound.  Since  the  resonant  wave  length  k^  of  the 

loaded  plate  satisfies  k^  >  k^,  the  resonant  contribution  to  Q_ 

is  then  strongly  damped  within  the  dome.  Moreover, 

2 

since  q  «  1  for  k  <  k^,  the  stiffness  part  («icq  )  of  the  denomina¬ 
tor  of  I r| ^  in  (128)  is  small  and  may  be  neglected. 

Since  the  sharp  resonance  near  k  =  ^k^  is  far  removed 
if  k^  »  kyj,  we  may,  for  reasonable  dome  size^^  employ  the  in¬ 
tegral  approximation  (93).  Omitting  the  resonant  part,  in  any 
event,  we  separate  as 


Q-  =  q!  +  q!. 


(2-129) 


where  derives  from  k  <  k^  (waves  propagating  into  the  interior) 

and  Q®  from  k  >  k,,.  (waves  attenuating) .  We  assume  that 
0  "  0  0  ^ 

(l^+L”^)/k^  ^  1  and  at  present,  in  order  to  neglect  area  averaging 
as  at  (98),  that  'where 


K  ^  lesser  of  (k^+L’^)  ^^^,(kyj+8/hL) 


(2-129.1) 


For  k  >  k  ,  we  recall  from  (1-13),  the  form  complementing  (128)  is 


ch[(k^-l4)^/^(y+L)] 

From  this,  assuming  conditions  (51),  the  first  of  (52),  and  (57) 
for  use  of  (93) ,  we  readily  approximate  Q®  as 
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(2-131) 


00 

Q!(‘^,-L)'^/  dkk[2j^(kR^)/kR^]2l^(k)  |r(k,-L)|  2 

Kjo  ' 

~ Iq ('^  Kg) (^L^) ' ^ ( l+h/4L) ’ 2 , 

a  form  that  properly  reduces  vhen  h  =  0  to  the  corresponding  fluid- 
dome  form  given  by  the  second  term  of  (99)  in  (98) .  Here  I„('>^K  ) 

refers  to  the  appropriately  weighted  inteinral  above  k  =  k  .  From 

t  ^ 

(123)  we  may  likewise  express  Q_  as 


Q^^^.-L) 


=  Akk[  2Ji(kRg)  /kR  l^l  (k)  I  r(k,  -L)  1 2 
o  ' 

L’^Ig(«%/k^)/  dxx(l-Ax  sin2x+ A^x^sin^x) 


(2-132) 


where  A  *  h/L  (and(k^-k^) =  x  is  the  variable  of  integration). 
Ig(^k^)  refers  to  an  interval  below  k  =  k^.  Combining  (131)  and 
(132)  ,  we  may  write 


Q.  (0^,  -L)  ^  H '  (R^/Sg)  (0))  , 


(2-133) 


where 


•Sg^  =  (l/4)k2  +  (l/8)L'^(l+h/4L)"^,  (2-133.1) 

kp  =  2l"^  /  dxx(l-Ax  sin2x  + A^x^sin^x)  ^  (2-134) 

and 

«'  =  (2-134.1) 

with  I  (^K  )  redefined  to  take  account  of  the  interval  in  (132) 
o '  e  _  1 

as  well  as  (131)  and  Iq(‘^Ro  )  the  quantity  in  (69).  Approximate 
evaluation  of  this  integral  for  certain  regimes  yields 
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k^+(h/L)  [-(l/2)k2cos2k^L  +  (l/2)k^L‘^sin2k^,L 

+  (l/4)L"^(cos2k^^L-l)  ]  if  h/L  «  1, 
2.8(L/h)^/\‘^  if  h/L  >  2.5  and  k^L  <  ^ 

UJ 

J2.8(L/h)^/^f  2k^/h]L"^  if  h/L  >^2.5  and  k^L^,^- 


(2-135) 


The  first  approximate  form  for  kg  properly  yields  th^  first  term 
of  (99)  in  (98)  when  h/L  =  0.  The  Ifcst  form  given,  which  is  rough, 
reflects  the  fact  that,  apart  from  the  transmission  window  where 
k^k^,  additional  windows  occur  where  (kj,^-k^)  ^  stt  for  integer 

s.  The  condition  ^  ^)"^^^[or  alternatively  RQ^k^+8/hL) , 

we  recall,  has  been  assumed  in  deriving  the  form  (133) .  Likewise, 
the  contribution  from  a  mode  or  modes  near  resonance  must  be  added 
if  appreciable. 


In  Eq.  (133),  S.,  unlike  R^  in  (98),  is  not  generally 
interpretable  as  a  rough  correlation  distance  of  the  interior 
pressure  field,  since  it  reflects  not  only  an  upper  wave-nvimber 
cutoff  on  jr(k,-L)j  ^  but  also  the  substantial  variation  in  j  pj^ 
in  the  pertinent  range  of  k.  With  reference  to  arrays  of  elements, 
similarly  to  (101)  we  now  have  in  the  case  of  loose  packing 


Q^(a),-L)  '=^Q_(a),-L)/N' 

^  2TrA'4^(^K^)  (r^/S^)  ^  H'  (r2/s2)Q^.(a)) 


for  r„  «  K"^ 
o  e 

(loose  packing :D  »  K^^) 


(2-136) 


^111  ■MiiiBnaiBi  ^  - 

The  fact  that  does  not  reduce  exactly  to  R^  in  the  limit 

hnrO,  despite  its  role  in  Eqs.  (134.1),  (136),  (137)  similar  to 
that  of  Rgl  in  (98) ,  (101) ,  (102)  results  from  our  rather  loose 

use  of  the  notation  I  (^^k)  and  the  nonuniform  expression  of  ex¬ 
treme  inequalities.  ° 
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Similarly  to  (102) ,  we  have  in  the  case  of  tight  packing,  as¬ 
suming  a  large  total  area  (A^  ^  » 


cA(a>,-L)  ^2irA^l|r(k~A^l/2)| 

|r(0,-I.)|  X.(“) 

(tight  packing:  D  «  k”^)  , 
with  Hj  as  in  (102)  and  |  r(0)j  ^  from  (128)  given  by 


(2-137) 


|r(0,-L)|  =  |exp(-ik.^L)-k„^h  sin  k, 


to 


-2 


We  mention  briefly  the  opposite  case  of  a  stiff  dome 
cover  such  that  k^«k„.  In  this  case,  the  resonant  k(=k^)  lies 
just  above  k^,  and  is  not  rapidly  damped  in  the  dome  interior. 

If  the  corresponding  interval  where  | r  >  1  is  smaller  than  the 
modal  spacing(“  TT/a)  ,  the  contribution  to  Q_  has  a  single-mode 
character  and  becomes  substantial  periodically  in  frequency 
as  discussed  earlier.  In  addition  to  the  windows  near 


sT^  where 
there  is  another  where 


1  (even  if  k,„h  >  1  or 

'  CO 


=  k  so  that  q 
o  ^ 


-1=0.  The  condition 


•'o  <<  ‘‘ci) 
k^h,  since  q' 

The  noise  from  k  <  k„,  is  also  somewhat  more  attenuated  on  this 


implies  relatively  high  signal  attenuation  for  fixed 
»  1  in  (128)  over  much  of  the  interval  0  <  k  < 


0) 


account . 


2.6.3  Flush  Element.  Nc.g-Rlgid  Boundary 

The  discussion  of  Section  2. 5. 2. 1-2  on  the  covered 
dome  applies  virtually  without  change  where  the  average  pressure 
spectrum  refers  to  an  area  on  the  outside  of  a  flow-bounding 
plate  or  membrane  rather  than  one  interior  to  a  dome,  with  the 
previous  response  coefficients  r(k,(a,y)  understood  to  be  re¬ 
placed  appropriately  in  accord  wluh  the  differences  between 
corresponding  terms  of  Eqs .  (37)  and  (39) . 
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In  practical  application,  however,  we  are  interested 
not  in  the  average  pressure  on  an  imagined  area  of  the  non-rigid 
boundary,  but  rather  in  the  average  pressure  on  an  area  of  a  plug 
cut  from  the  surrounding  plate  and  representing  a  transducer. 

The  modification  of  the  high-wavenumber  component  of  response 
pressure  of  Eqs.  (39)  and  (40)  by  the  tem  rj^(k,cJo)  in  (40) 
due  to  the  finite  Impedance  of  the  bounding  surface,  which  was 
derived  under  the  former  supposition  of  an  intact  baffle,  has  no 
validity  for  the  plug  problem  if  is  large  compared  to  the 
wave  length  2irk  in  question,  that  is,  if  kR^  »  1,  as  is  so  if 
k  >cii/U^^(i.e . ,  k^'^cu/u^)  and  »  1.  For  this  part  of  the 

response  is  determined  locally  by  the  stiffness,  and  this  is  not 
the  same  for  the  cut-out  transducer  element  as  it  was  for  the 
surrounding  plate.  Moreover,  if  k  »  k^j^,  the  contribution  due 
to  this  term  in  (40)  is  quite  small  in  any  case  (see  Eq.  (1-69)) . 

In  modifying  the  results  to  apply  to  the  cut-out  situation,  we 
shall  therefore  merely  neglect  this  contribution. 

If, on  the  other  hand,  the  wave  numbers  k_  of  the 

n* 

remaining  appreciable  contribution  to  cf  (34)  and  of  (38c) 
are  such  that  k  R  <  1,  (i.e.,  if  k  R„  <  1,  since  no 
k^  much  greater  than  the  resonant  wave-number  is  important) ,  these 
contributions  correspond  to  wave  lengths  at  least  somewhat  larger 
than  the  size  of  the  area  and,  with  certain  modifications,  represent 
the  desired  result  also  for  the  cut-out  situation.  In  particular, 
the  plate  motion  for  given  driving  force  will  not  be  sub¬ 
stantially  altered  even  near  the  cut  where  the  plug  is  inserted. 

We  assume  that  the  alteration  in  the  force  on  the  plate  due  to 
altered  motion  of  the  plug  area,  and  the  consequent  alteration  in 
the  acoustic  force  on  the  plug  area  due  to  the  plate,  are  also 
negligible;  this  is  probably  true  for  moderate  k^R^.  Then  on 
neither  account  is  the  plate  motion  for  k^^  ,4.^0^  appreciably 
altered  by  cutting  and  inserting  the  plug. 

We  assume  that  the  inserted  plug  (transducer)  is  ef¬ 
fectively  inflexible  and  that  it  responds  to 
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the  Integrated  net  force  over  its  outer  face  at  the  frequency 
in  question.  Regarding  the  transducer  as  rigid  (Immobile)  let 
^  denote  the  force  exerted  on  It  by  the  acoustic  field  due  to 
the  baffle  vibrations.  By  superposition  of  fields,  this  force 
is  given  by  the  difference  between  the  force  f^  that  would  be 

O 

exerted  on  the  same  area  if  it  were  part  of  the  continuous 
baffle  partaking  of  its  computed  local  velocity,  say  u^,  and 

O 

the  force  on  the  transducer  if  it  had  the  same  velocity  Up  With 
the  surrounding  baffle  not  otherwise  excited,  i.e.. 


(2-138) 


where  Z|^  is  the  well  known  radiation  impedance  of  a  piston  of 
radlv.3  R  in  the  actual  baffle,  writter.  in  terms  of  a  dimen¬ 


sionless  function 


** 


^  =^(^Ro/c)  as 


=  pc(^Rpe 


(2-139) 


The  spectnim  contribution  of  Eq.  (39)  is  identified  as 

the  spectrum  of  (^R^'^fn;  the  desired  average-pressure  specf  ,\jm 

o  o  2-1 

for  the  cut-out  situation  is  rather  the  spectrum  of  (^R^,) 

ji(f  jj-Zj^Ug) ,  where  the  contribution  to  Ug  from  each  mode  can  be  ob¬ 
tained  iiisaediately  from  the  solution  of  the  simple  acoustic  prob¬ 
lem.  This  procedure,  we  repeat,  is  valid  only  for  low-wave  number 
modes  n  such  that  k  R  <1^  for  which  the  velocity  contribution 

u„  to  Uo  is  substantially  constant  over  the  area  of  the  plug; 

Bn  D 

the  effect  of  boundary  non-rigidity  on  the  average  pressure  con¬ 
veyed  by  high-wave  number  modes  is  simply  neglected. 


The  transducer  may  still  have  a  non- infinite  ernal  impedance 
Zj.  Since  this  will  be  true  also  when  the  bt  ing  baffle  is 

rigid,  the  corresponding  reduction  factor  for  tae  net  force, 
z^7(Zi+Zr),  with  Zg  the  radiation  impedance  of  the  transducer 

in  the  baffle,  will  apply  in  both  cases  and  may  be  regarded  as 
compensated  for  in  the  calibration  of  the  transducer;  accordingly 
this  factor  is  ignored. 

As  we  have  ^^1  and  as  ^R^/c-^O,  we  have  ^  '0. 
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For  mode  n  the  ratio  of  velocity  to  pressure  in  the 
acoustic  field  just  outside  the  surface  is  given  by 

whence 


[e.g.  see  Appendix  1,  Eq.  (8.2)].  Hence,  for  the  lower  group  of 
modes  the  intended  modification  is  achieved  by  applying 
to  the  response  coefficient  in  the  definition  of 

and  at  Eq.  (23)  the  additional  factor 

(l-ek2j^/V) 

in  which  is  replaced  by  iK2jj  wtien  k^  >  cjd/c.  Let  and 

Si„  so  modified  be  denoted  as  T  ,  S  . 
in  n'  n 

Introducing  the  prescribed  modification  of  rj^(k^)lnto  the 

approximate  Eq.  (39),  omitting  rj^(k)  in  Eq.  (40),  and  identifying 

the  contributions  from  the  unity  part  of  1  +  in  Eqs.  (35)  and 

(40)  as  representing  the  average-pressure  spectrum  Qq(<^)  for  a 

rigid  botindary,  we  have  for  the  approximate  spectrum  6(0^)  for  the 

non-rigid  boundary 


+  + 


6$ 


■+’ 


(2-141) 


where 


6Q.W  -  (’r/a)J-  k„(2Ji(k„R„)/k„Rj2l„(k„) 


It  [ 


(2-142) 


i+ri(k^)(i-^k2„/kj|  ^-1], 
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[f  i. 
} 


r 


Q^(a))  ^8R;V2  T  dkkl^(k)  X  ; 


n 


n=0 


n 


(2-143) 


-1^ 


Z  (-)”s 


ki=0 


n 


With  regard  to  the  consequent  modifications  in  the 
further  approximations  given  in  Eqs.  (43)  the  previous 
g,  (k,k2,ai)L=  rj^(k,a))]  must  be  replaced  by  g(k,k2,u^) :r.j^(k,(J3) 
<1-  ^kj/k^) ,  whence  the  required  derivative  is  given,  instead 
of  by  (47) ,  by 

=(=^co+^pc)/p^  =  k‘^(^+zjpc). 

Likewise,  condition  (61)  for  use  of  (43)  is  replaced  by 


(2-144) 


|(Vpc)+  ?l"^(k^,a)"^/2  ^ 


(2-145) 


(condition  (62)  is  now  irrelevant  since  here  by  assumption); 

condition  (60)  is  unchanged.  In  these  expressions  Zqj is  understood 
to  represent  z(k,a))  at  k  =  k^;  this  value,  for  the  thin  plate 
(n=4)  or  membrane  (n=2) ,  is  given  by 


z(k^,C0)  ^  loUJt<Vk  )"-ll  +  <^[(kJk)”(+p/‘^] 


'CO'  "o 


-  ^^00  ^00* 


cy  o ' 
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2. 6. 3.1  Estimated  Spectrum  (Excluding  Low  Non-Resonant  Wave 
Numbers)  ” 

As  an  apt  example  for  further  cons iderat ion ^  analogous 
to  the  covered-dome  example  of  Eqs.  (113; -(123),  consider  a 
parameter  regime  where,  with  the  modifications  above,  Eq.  (43) 
holds  for  Z„^,  but  the  resonance  half  width  Dk,  satisfies 
6kia  so  that  Z^  and  the  resonant  part  of  6Q’_,  say  6Q_  may  be 
approximated  by  retention  of  the  single  mode  nearest  resonance 
at  frequency  ci),  say  n  =  v.  For  validity  of  the  modification  for 
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plug  cut-out,  we  must  assxime  also  that  ^  1  (nevertheless, 
we  retain  withaut  approximation) .  The  acoustic  in¬ 
crement,  by  (141) ,  is  given  by 


A  /V  “  A 

Q-Q  =  f  dkki  (k)A.(k), 

k+ 

where, by  collection  of  previous  expressions, 


(2-147) 


&Q.  =  &q:  + 


6q!  -  (ir/a)k^(2Jj(k^R^)/k^R^]2l^(k^)  [  |l+rj(k^)(l-UK2/k„.)|  ^-1 1 


(2-148) 


Rigid-wall  case: 


^.■=!'8R;V2k  r2(k^){l-UK2^,/k^)+ ^2-149) 

V  k  -k^ 

t,,-  (27r)^/2a"^/^  l^pc)+i  (.)j+l[M(b)-m(l-b)  1(2-150) 


'cu  k"-k‘ 


Free-wall  case: 


A.5^8r;W1|-(-)''  r^(k^)(i-aK2v/iS))+ 

V  K  •  K. .  ^ 


(2-151) 


'z  cr 

0) 


^  (27r)^/2^"^/2  Jl < M(b)- iM(  1-b) 


k^-k; 


(2-152) 


Consideration  of  the  non-resonant  part,  of  will  be  deferred 
to  the  following  subsection. 

As  with  the  dome,  we  denote^the  contribution  in  (147) 
due  to  the  squared  resonance  term  ofA_  in  (149)  [or  (151)]  by 
5Q^(co) ,  called  the  resonance  ove,rlap  part,  and  that  due  to  the 
squared  non-resonance  term  £  in  (149)  by  &^(^) ,  called  the 
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propagating  overlap  part,  and  call  6Q„  in  (147)  the  direct  low- 
wavenumber  part,  omitting  further  reference  to  the  interference 
term  in  (149)  . 

Again  taking  we  estimate  crudely  the  various 

contributions  to  ^“Qq*  The  non-resonance  contribution,  6^,  for 
rigid  walls,  in  approximation  (150)  is  estimated  roughly  in  terms 
of  the  high-wavenumber  tverage-pressure  spectrum  Qq^(“)  for  a 
flush  element  of  radius  ^se  of  (65b) ,  as 


6^(0.)  ^ \zj.^c  +  ej  2f(k^a)a"^/  dkk”^I  (k,a.) 


-  (rigid  wall) 


(2-153) 


[cf.(91'>].  In  the  case  of  free  walls,  estimate  (153)  is  reduced 

2 

by  a  factor  of  the  order  of  (riU^/c)  .  The  boundary- impedance 
ratio  2^/ pc,  by  (146),  may  be  x-nritten  in  terms  of  h(E  a/p)  as 


Vp=  =  R„/pc=k^h[  (k„/k„)"C+  B/o)].  (2-153.01) 

If  the  boundary  may  be  approximated  as  rigid  so  far  as  the  piston 
radiation  impedance  is  concerned,  then,  under  the  present  assump¬ 
tion  that  1»  we  may  approximate  the  piston- iu.pedance  func¬ 
tions  by 


i  :  r-lx  ^  (l/2)(k^R^)2-i(8/3T)k^R^.  (2-153.02) 


If  k^/k^  «  1»  i-e.,  if  at  the  wave  length  of 
pedes  as  a  mass  (the  wave  length  of  free  waves 
and  if  the  plate  damping  is  moderate,  we  have 
(153.02) 


sound  the  boundary  im- 
in  it  being  shorter) , 
from  (153.01)  and 


/ 
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(2-153.1) 


/ 


1 


I  ^  “  (“/c)^[(h+8RQ/37r)2+R2j 


for  use  in  (153)  or  in  the  condition  (145) .  The  latter  in  such 
case,  however,  is  satisfied  only  for  very  large  a.  Similarly, 
condition  (60)  becomes  approximately  (coh/c)  (k^^a)"^^^  «  1. 

On  account  of  conditions  (60)  and  (145),  estimate  (153)  is  justi¬ 
fied  only  in  a  limited  regime.  In  this  regime,  at  least,  the  non 
resonance  acoustic  average  pressure  on  the  plug  is  similar  to  the 
direct  pressure  averaged  over  the  entire  plate  area  T^a  demarked 
by  the  bounding  structural  members . 


The  direct  resonance  contribution  5Q_  will  be  estimated 

with  neglect  of  the  interference  term  in  (148),  which  is  linear  in 

2 

»  1  near  resonance.  In  the  vicinity 


r 


2^,  on  assumption  that 
of  resonance  at  od  od^,  we  may  write  r2^(k^,co)  in  accordance 
with  (1-66)  as 


Iv 


(2-154) 


where,  as  described  in  Section  1.5,  by  modification  of  (111)- 
(113) 


^0 


Iv 


CD 


ov 


(l-»-l/Ko,h)'l/2  ^ 


-1 


b^^  -  (2k^h)  "(i+i/k^h)  ", 


^  (1/2)  [  C+O/o^i^)  (1+1/k^h)  . 


(2-155) 

(2-156) 

(2-157) 


2  s2 


A 


Since  (K2^/ka))  =  (I^v^^cd^  express  one  factor  in  5Q_ 

from  (148)  by  use  of  (155)  as 


If  k^/k 


«  1  at 


the  V  pertinent  to  the  interesting  range  of  frequency 


(as  true  if  k^yk^  «  1  as  supposed  at  (155))  and  if  k^R^  <  1  (as 
weakly  assumed  already) ,  this  becomes 


2-77. 


i-ieKjv/v 


In  this  event  we  may  estimate  from  (148) 


:r-z-(i-8''v‘^o/3T)2 


[(“/<“lv)-l]  +Hv 


^  TT 


biv(l-8kvV3’^)'‘ 


(2-158) 


[(u3/ai 


-  ,■  V>-7 

+«lv 


where  the  second  form  follows  from  (69)  on  assumption  that 

[cf.  (125)]. 

Similarly,  the  resonance  overlap  contribution,  for 
k^<<<A)/u^,  In  the  case  of  rigid  walls  Is  estimated  from  (149)  as 


bj^^(l-8k/2m 


2 


7 

Iv 


(2-159) 


[Independent  of  R^,  cf.(126)].  In  the  case  of  free  walls,  an 
added  factor  Is  required. 

As  a  naTierlcal  example  for  resonance  properties,  we  con¬ 
sider  as  In  Section  2.5.2  a  steel  plate  of  thickness  0.25  In.  (but 

*fs 

now  with  water  loading  one  side  only)  and  a  dome  radius  &=0.5m. 
With  reference  to  the  3-kc  region,  the  resonances  v=8  and  v=9  fall 
at  frequencies 


00g/27r  3060  cps  and  to^/27r  3910  cps. 


In  the  present  case  of  flush  mounting  In  a  plate,  as  opposed  to 
a  dome.  It  would  have  more  practical  utility  to  consider  a 
model  with  rectangular  rather  than  circular  boundary. 
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[cf.  (114)],  As  before,  the  quantity  k^h  of  (156) -(157)  for 
v=9  has  the  value  k^h=2.85. 

2.6.3. 2  Contribution  from  Low  Wave  Numbers 

We  refer  nDw  to  the  sxun  .  (142)  for  .  The  initial 

discussion  of  Section  2. 5. 2. 3  again  applies.  If  the  modal  spacing 
(o^TT/a)  is  small  enough,  the  contributions  to  6^_  from  icodcs  re¬ 
moved  from  resonance  may  be  approximated  by  an  integral  analogous 
to  (93) .  Near  resonance  this  approximation  will  not  ordinarily 
suffice,  depending  also  on  the  degree  of  damping.  In  the  preced¬ 
ing  subsection  the  resonant  contribution  to  6^_  was  considered  on 
the  simplifying  assumption  that  at  most  one  mode  is  near  resonance 
(kj^'^kj.)  at  any  given  frequency.  In  any  case,  modes  with  k^^  sub¬ 
stantially  greater  than  k^.  contribute  negligibly,  since 
in  that  range  is  small,  as  noted  earlier.  ' 

No  single  approximation  can  be  written  for  the  entire 
sum  (142)  in  the  general  case.  Moreover,  the  form  (142)  was 
itself  a  valid  representation  of  6Q_  only  when  k^R^  ^ 1  for  all 
n,  i.e.,  kj.RQ  ^  1.  In  a  certain  opposite  limit,  however,  it  is 
possible  to  differentiate  clearly  between  the  contributing  modes 
at  resonance  and  those  removed  from  resonance,  and  to  write  a 
rough  explicit  approx5.mation  to  the  partial  sum  contributed  by 
the  latter.  The  limit  envisaged  is  that  where  k^(a))R^  »  1, 
whence  also  kj.R^  »  1,  k^(aj)  here  being  the  resonant  wave-number 
of  the  free  plate.  In  this  limit  the  contribution  to  average 
pressure  from  modes  as  high  as  those  near  resonance  is  reduced 
greatly  by  area  averaging. 

We  assxune  the  modal  spacing  is  sufficiently  small  that 
6$_  may  be  expressed  as  an  integral  over  k  (^k^.)  rather  than  a 
sum  over  modes.  The  form  (142)  or  the  related  integral,  however, 
is  inapplicable  when  k^^R^^  1,  as  will  be  so  for  some  contributing 
n  in  the  present  limit.  This  inapplicability,  we  recall,  arises 
from  three  distinguishable  effects:  (1)  the  velocity  of  the  uncut 
plate  varies  appreciably  over  the  area  where  the  rigid  plug  is 
inserted  in  the  cut  plate,  so  that  the  changed  radiation  reaction 
on  this  area  when  the  plug  is  inserted  cannot  be  expressed  as 


2-79 . 


t'waww'r 


n 


due  to  eliminating  a  rigid  motion;  (2)  elimination  of  motion  of 
the  plug-area  of  the  Intact  plate  by  insertion  of  a  stationary  plug 
eliminates  the  acoustic  field  due  to  this  area  and  hence  elim¬ 
inates  the  correspondlne  pressure  on  the  plate,  thereby  affect¬ 
ing  its  motion;  (3)  the  response  of  the  cut  and  plugged  plate  to 
a  given  excitation  pressure  (of  wave  nxanber  ^ 

face,  excluding  the  plug  area,  differs  appreciably  from  the 
response  of  the  uncut  plate  to  the  same  excitation,  excluding  the 
plug  area,  and  therefore  the  acoustic  field  and  force  on  the  plug 
area  due  to  vibration  of  the  surrounding  plate  also  differ  from 
the  cut  to  the  uncut  case. 


«  1,  however,  the  effect  (1)  is  negligible 
since  the  radiation  reaction  on  the  plug  area  is  then  negligible. 
Effect  (2)  also  becomes  negligible  in  this  limit.  If 
the  radiation  reaction,  though  not  computed  here,  is  probably 
small  independently  of  Effect  (3)  is  negligible  if 

«  1  and  k|l-q^(kj^)|  /R^  «  1,  as  implied  by  the  preceding 
footnote.  In  fact,  in  this  limit  the  acoustic  force  just  can¬ 
cels  the  force  due  directly  to  boundary- layer  pressure  fluctua¬ 
tions  (60_=  “Qq-)  »  lesiving  the  plug  an  area  of  pressure  release. 

In  any  case,  those  k^  such  that  ^  ^  make  contributions  that 

decrease  as  k^  increases  on  account  of  the  area-averaging  effect. 
Hence,  one  may  still  use  (142)  (or  the  integral  form)  for  crude 
estimates,  with  i  still  referring  to  a  rigid  piston  but  with  ^  set 
to  zero  for,  say,  k^  >  ''tR”^-  We  make  a  crude  estimate  only  for 
the  case  where  k^R^  «  1  (but  kQ(^)RQ  1) >  i.e.,  the  plug  radius 
times  2v  lies  between  and  well  removed  from  the  (long)  sound  wave 
length  (27r/k^)  and  the  (short)  free-wave  length  in  the  plate. 

This  is  a  very  limited  regime. 

Assuming  conditions  (51)  and  (57)  for  use  of  the  integ¬ 
ral  approximation  and  taking  ^  =  0,  we  rewrite  the  non-resonant 
part  of  (142)  as 


The  difference  in  plate  response  referred  to  under  point  (3) 
vanishes,  however,  in  the  limit  of  vanishing  plate  impedance 
(pressure-release  boundary) . 
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Bq!(“)  -  T°  dkk[2jj^(kR^)/kR^]2i^(k)  [  jl+rj^(k)  I  2-1] .  (2-160) 


Neglecting  damping,  we  rewrite  Eqs.  (1-16)  and  (1-17)  for  as 

r^(k)  =  I  (2-161) 

-l/[l+(k^-k^^/^(l-q^)]  (k  >  k^ 

\ 

By  virtue  of  the  assumption  that  k^(to)R^  »  1,  we  have 

q2  ;  (k/k^)”  «  1  for  all  k  <  mR^^.  To  approximate  better  when 

q2  does  not  well  satisfy  this  condition,  however,  we  do  not  neglect 
0 

q~,  but  regard  It  as  set  equal  to  a  constant  value,  say 
q^  E  q  (^*^0  ^”^^0^0^  appropriate  for  a  value  of  k  near  the  peak 
of  the  factor  k[2jj^(kRQ)/kR^]2  In  (160).  To  perform  the  Integra¬ 
tion  In  (160)  crudely  and  simply,  as  usual  neglecting  varlatloi. 

In  I^jCk) ,  we  replace  Ji^(i«RQ)  by 


'  (l/2)kRQ  for  0  <  kR^  <  1 

\  1/2  for  1  <  kR^  <  t  =  2. 88  (2-162) 

l/(TrkR^)^^2  for  t  <  kR^, 

the  last  of  which  yields  correctly  the  asymptotic  value  of  the 
2 

average  of  JfCkR^)  over  several  periods.  Here  t  Is  assigned  that 
value  which  yields  from  (160)  In  the  case  of  a  pressure-release 
surface  (rj^=  -1)  the  desired  result 

mR*'' 

6?  -  -  V  dk[2J^(kRg)/kR^]2  ^ 

0 

obtained  without  approximation  of  (kR^) . 


Explicitly,  t  satisfies  (1/2)  -f-  Int  +  4/Trt  =  2. 
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we  find 


Approximating  (160)  by  use  of  (162)  and  neglecting  k^R^, 


5^(a>)  ^«-(l/2)Q^.(cu)  [-31n(l+e)+€(3+2€)/(l+€) 


] 


^  ,.^1+te  ‘  .  4  1  1 

rrtiT  tlTTiT  +  ¥  tTTTt7)j 


(2-163) 


where 


e  =  (h/R^Xl-q^)  (2-164) 

and  the  pertinent  average  been  prestimed  nearly  equal 

to  of  (^9)  .  By  construction,  this  yields  in  the  limit  of 

a  massless  plate 

Qo-  +  6^!  =  0  (c»0) 

as  the  net  average-pressure  spectrum.  The  result  obtained  from 
(163)  to  first  order  in  e  cannot  be  relied  on,  since  only  a  con¬ 
tribution  from  the  range  k  >  tR^^  fails  to  cancel,  and  this  part 
has  been  inadequately  approximated.  In  the  opposite  limit  of  a 
massive  plate,  (163)  yields 

Qq-  +  6Q?  '^Qq-  [l-€'^(1.7-1.5e"Hne)]  (e  »  1)  (2-165) 

to  the  given  order  in  €  ^.  In  this  limit  the  high  wave  numbers 
(k  >  tR^^)  contributed  little,  so  that  the  approximations  entailed 
are  passably  justified. 

Under  present  assumptions,  we  note,  the  parameter  f  thfit 

measures  the  unyielding  quality  of  the  plate,  i.e.,  the  extent  to 

which  it  presexrves  the  net  driving  force  on  the  plug  v;ithout  cancel" 

ing  it  by  the  acoustic  force  generated  by  its  own  motion  in  res^jorse 

to  the  boundary -layer  pressure  fluctuations,  is  the  equivalent  water 

2 

thlcloiess  of  the  plate  (reduced  by  the  factor  l-q^)  in  units  of  the 


radius  of  the  plug  In  question.  In  practice,  the  effective 
equivalent  thickness  In  the  frequency  range  of  operation  must 
be  large  lest  signals  be  canceled  by  plate  vibration  (as  we  com¬ 
pute  herefor  the  noise)  especially  near  grazing  Incidence,  at 
which  k  »  k^,  making  =  -1  in  (161).  If  resonating  devices, 
which  are  effective  In  a  limited  frequency  range,  are  used  for 

this  purpose,  they  may  be  regarded  as  Implying  a  frequency  de- 

2 

pendent  effective  thickness  h(l-q^)  having  a  sharp  resonance. 

In  some  noise  measurements,  on  the  other  hand,  as  opposed  to 
actual  operations  with  a  viable  configuration,  the  parameter 
€  may  not  be  large,  and  hence  acoustic  cancellation  may  affect 
the  apparent  noise. 

2.6.4  Effect  of  Dome  and  Non-Rlgld  Boundary  on  Scaling  Law  of 
Average-pressure  Spectrum  due  to  Turbulent  Flow 

We  consider  how  the  scaling  of  the  average-pressure 
spectrum  differs  within  a  dome  from  the  scaling  for  a  similar 
area  exposed  to  the  flow,  and  also  how  the  scaling  in  the  latter 
instance  is  altered  by  the  acoustic  field  generated  if  the  boundary 
is  non-rigid.  We  are  able  to  make  the  comparison  only  separately 
between  the  respective  contributions  due  to  high  (k  >  <^/U^)  and 
to  low  wave  numbers.  Which  comparison  is  most  pertinent  then 
depends  on  which  contribution  predominates  for  the  regime 
in  ques'tlon.  As  we  have  noted,  however,  judging  by 
the  observed  area  dependence,  low  wave  humbers  apparently  pre¬ 
dominate  for  an  exposed  area  such  that  ^Rq/U„  »  1  and,  if  so, 
also  for  a  dome-shielded  area. 

We  examine  only  the  dependence  on  flow  velocity  cor¬ 
responding  to  given  dependence  on  cd,  starting  with  the  fluid  dome. 
The  contribution  Q*(a),-L)  as  estimated  by  (89)  is  related  to 
by  the  form 


The  argument  of  the  function  fj^  is  rendered  dimensionless 

by  L.  We  consistently  omit  in  the  following  any  dependence  other 
than  on  and  cd. 

CO 
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(2-146) 


<lo+  **"  the  form  (74)  (with  v*  ^  ,  we  see  that,  in  a  range 

of  given  dependence  on  o),  depends  on  slightly  differently 
from  Q  .  Likewise,  in  the  regime  of  (91),  for  rigid  walls  qP  has 

"T 

the  form 


QP  ^  t‘>2f(a)a/c)0Q^  (2-167) 

(where  f  is  the  specific  function  defined  earlier) .  It  thus  differs 
substantially  from  in  its  U^^-dependence  for  fixed  oD-dependence . 
(Unlike  we  recall,  for  ^  1  it  is  also  independent  of 

Rq.)  As  for  the  contribution  from  low  wave  numbers,  in  the  approx¬ 
imation  of  (98)  we  have 


Q.  C  [(^/c)^-»-(1/2)L“2]Q  . 

Hence  at  frequencies  low  enough  that  »  9L  we  have  Q_ 

for  the  shielded  area  varying  with  a),Upg(and  other  flow  parameters) 

exactly  as  for  the  exposed  area.  At  frequencies  high  enough 

that  A  «  9L,  on  the  other  hand,  Q  contains  an  additional  factor 

u)  ;  in  regions  of  equivalent  oo  dependence  (which  correspond  to 

different  ranges  of  oo)  Q_  thus  increases  with  U„  more  rapidly 

2  " 

than  Q^_  by  a  factor  U^,  on  assumption  that  Q^_  depends  on  o)  and 
only  via  as  in  (78)  or  the  first  term  in  (79)  .  If  we  com¬ 

pare  the  0.  and  Q^_  spectsa  at  equal  co,  we  have  the  curve  for 
Q  (a),-L)  below  and  parallel  to  that  for  Qq_(^)  up  to  tu  ^  cA/2L 
and  then  approaching  it  (l.e.,  decreasing  less  rapidly  than  Q^) 

according  to 


dlogQ_/dloga)  ^dlogO^jAlogc^J  +  2  (2-169) 

where  to  >•  c/'/2L. 
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We  proceed  to  the  case  of  a  covered  dome.  According  to 
(124)  we  have 


Q"  ^  (2-'170) 

At  fixed  cD-dependence ,  thus  tends  to  Increase  more  rapidly  with 
than  Qq^*  With  regard  to  in  a  previously  defined  regime, 
estimate  (91)  applies  also  for  the  covered  dome  and  hence  also  (167) 
above.  The  resonance  contributions  and  bear  little  resemblance 
to  and  in  their  dependence  on  oi,  though  differing  by  a  simple 
resonance  factor  in  the  slngle*mode  approximation  of  (125)  and  (126). 
To  the  extent  that  q5  and  are  important  and  have  the  single-mode 
form,  Q_  will  differ  from  the  spectrum  in  having  bun^s  where 
successive  modal  wave-numbers  become  resonant,  the  non-dimen¬ 
sional  frequencies  at  these  resonances  will  differ  for  different 
values  of  the  bound  ary- layer  parameters  employed  in  defining  the 
non-dimensional  frequency  variable.  As  for  the  nonresonant  contri¬ 
bution  from  low  wave  numbers,  the  behavior  will  be  similar  to  that 
discussed  above  in  the  case  of  the  cover  less  dome,  provided  h/L  «  1, 
but  some  additional  modulation  dependent  on  the  variable  wL/c  will 
be  introduced  in  accord  with  the  first  form  of  Eq.  (135)  in  the 
regime  where  this  equation  applies . 

Statements  similar  to  those  above  for  the  domed  dome 
apply  to  the  acoustic  contribution  to  the  average-pressure  spectrum 
for  an  area  in  an  exposed  non-rigid  surface  [see  estimates  (153)- 
(165) ] .  With  reference  to  the  nonresonant  contribution  from  low 
wave  numbers,  however,  in  the  regime  of  the  approximation  (165) 

(for  which,  among  other  things,  it  is  required  that  “*q/c  ^  1) 
the  augmented  spectrum  has  roughly  the  same  dependence  on 
and  other  flow  parameters  as 
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LIST  OF  NOTATION 


Ao 

A 

A((u) 

Ae 

A^O 

b 

B(k) 

b(a)) 

Bi(k) 

bj^(cu) 

B(k,y) 

Bi(k) 

Bn(k,y) 


lateral  radius  of  docne  or  plate  (Fig.  2-1) 
plate  constant  of  Eq.  (1-3) 

overlap  of  s-thmodal  function  with  plane  wave,  Eq.  (2-8) 

area  of  pressure  averaging  ^e.g.  ,  Eq.  (2-9)] 

dome  cross-sectional  area.  Sec.  2.2;  active  area  of 
array.  Sec. 2. 6. 1.4. 

coefficient  In  Eq.  (2-70.1) 

2 

=TrRg  ^  correlation  area  of  pressure  on  face  shielded  by 
fluid  dome 

total  (active-plus-dead)  area  of  array 
maximum  permissible  value  of 
minimum  permissible  value  of  A,p 

number  describing  value  of  sound  wave  number  in  fluid 
relative  to  adjacent  modal  wave-numbers,  Eq.  (2-43.1) 

numerator  in  frequency-resonance  form  for  interior  acous¬ 
tic-response  coefficient,  Eq.  (1-54) 

numerator  in  wave -number-resonance  form  for  same,  Eq.  (1-38) 

numerator  in  frequency-resonance  form  for  acoustic-re¬ 
sponse  coefficient  on  outside  of  plate,  Eq.  (1-66) 

numerator  in  wave-number-resonance  form  for  same,  Eq. 

(1-65) 

modal  expansion  coefficient  of  driving  pressure,  Eq.  (2-2) 

(u)  suppressed)  averaging-response  function  for  pressure 
spectrum  at  excitation  wave-number  k  and  depth  y,  Eq. 

(2-17a) 

same  at  outer  face  of  plate,  Eq.  (2-17b) 
modal  contributions  to  B(k,y) ,  Eq.(2-18) 
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Bin(k) 

B+(k,y) 

B_(k,y) 

Bi+(k) 

Bi.(k) 

BioW 

B(n) 

B(cd) 

bv 

C^(c‘) 

c 

c_ 


Cjj(ka) 

0(0)) 

D(k) 

D 


m 


£ 

e. 


same  to  Bj^(k),  Eq.  (2-18) 

contribution  to  B(k,y)  from  modes  with  k^  k^,  Eq.  (2-25) 

same  from  modes  with  k^  <  k_,  Eq.  (2-25) 

contribution  to  B^(k)  from  modes  with  k^  >  k^,  Eq.  (2-25) 

same  from  modes  with  k^  <  k_,  Eq.  (2-25) 

defined  at  Eq.  (2-25) 

asynqjtotically  interpolated  form  of  B^(k,y)  for  non¬ 
integer  n 

coefficient  in  Eq.  (2-70.1) 

=B(k^)/a)^,  Eq.  (2-110) 

sound  speed  in  outer  (inner)  fluid 

+  +  *  +  •» 

=c—  if  c  =  c  ,or  c  if  inner  fluid  is  absent  (P  =0) 

velocity  of  free  waves  in  membrane,  Eq.  (1-4) 

shear-wave  speed  in  plate  material 

modal  overlap  coefficient  in  circular  geometry,  Eq.  (2-10.1) 
=N„c„(k) 

coefficient  in  Eq.  (2-70.1) 

real  part  of  denominator  of  r(k,a),y)  at  Eq.  (1-37) 

center  spacing  of  elements  in'^quare-celled  array 
2 

”  ®3ximum  permissible  spacing 

2 

=  (A.j,Q/A)7rr^^  =  minimum  permissible  spacing 

Young's  modulus  for  plate  material 
2,..  O  -1 


n 


=  2[7rx^J.2(x^)]  'S  Eq.  (2-23.1) 


undetermined  functions  of  dimensionless  arguments  z-^,Z2 
[fiqs.  (2-71),  (2-73)] 

=  Utt  [M^(l-b)+M^(b)]  ,  a  certain  periodic  function  of  k^a , 
Eq.  (2-91.1) 


f(V) 


defined  at  Eq.  (2-95,1) 
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I 


fl.  f2 


gn(y) 


t(k,k2,y) 

(St/akj)^ 

tjCk.kj) 

.6.W 

8r 

l(k,k,) 


H^(z) ,H(z) 


I(k,u)) 


acoustic  force  on  rigid  element  due  to  plate  vibration 

acoustic  force  on  plate  element  of  same  area 

same  for  plate  vibration  in  mode  n 

certain  functions  of  an  indicated  variable,  Eqs. 
(2-166),  (2-170) 

depth- dependence  function  of  pressure  field  in  mode 
n,  Eq.  (2-4) 

analogous  coefficient  for  pressure  on  outer  surface 
of  plate 

(u)  suppressed)  functional  form  representing  r(k,y) 

[Eq.  (2-43)] 

indicated  partial  derivative  evaluated  at  k2=0 

functional  form  representing  rj^(k) 

undetermined  functions  of  dimensionless  arguments 
Zj.  z[Eqs.  (2-72),  (2-76),  (2-78.  1)] 

=  r(k^.y)  (oD  stq>pressed)  ,  conditions  (2-104) 

.  r^(k.a,)(l-ek2/k^)  [Eq.  (2-144)] 

plate  thickness 

=  a^— ,  thickness  of  outer  (inner)  fluid  having 
same  mass  per  unit  area  as  the  plate  or  membrane 

=  if  =  p”,  or  h^  if  p"  =  0 

undetermined  functions  of  dimensionless  argument  z 
[Eqs.  (2-73),  (2-77;] 

defined  at  Eq.  (2-99.1) 

defined  at  Eq.  (2-102.1) 

defined  at  Eq.  (2-134.1) 

wave -number -frequency  spectrum  of  some  pressure; 
k  is  magnitude  of  two-dimensional  wave  vector 
parallel  to  surface  bounding  flow 
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Io(k,a)) 

,cd) 


I' 


I" 

j 


1t 

ko(^) 


*"2 

4 

Kz 

k^(a)) 


same  for  pressure  due  to  a  turbulent  boundary  layer 
on  a  plane  rigid  wall  [sq.  (l-28)j 

variously  defined  weighted  average  of  I^(k,CD)  over 
interval  0<  k  <k' 

constant  waveuniaber-frequency  spectrum  for  k<  k^ 
in  sample  computation  [sq.  (2-10 3)j 

same  for  k  >  k 

c 

mode  with  wave  number  next  below  that  of  sound  in 
fluid,  defined  by  (2-42.1) 

two-dimensional  wave  vector 

free-wave  number  in  isolated  plate  (k^  must  be 
distinguished  from  k^  for  n  =  0) 

=  co/c“,  sound  wave  number  in  outer  (inner)  fluid 

=  k^  if  c"'’  =  c",  or  k^^  if  p"  =  0 

y-component  of  wave  number  of  pressure  wave  in 
outer  (inner)  fluid  with  (x,z) -component  k,  where 
k  <  co/c^,Eq.  (1-7.1) 

=  k“  if  c^  =  c  ,  or  k2  if  p'  =  0 

magnitude  of  imaginary  y-component  of  sound  wave- 
number  of  pressure  wave  in  outer  (inner)  fluid  with 
(x,z) -conponent  k,  where  k  >  cd/c^,  Eq.  (1-7.2) 

=  if  c^  =  c’,  or  if  P  =0 

hypothetical  wave-number  such  that  I^(k,cD)  is 
negligible  for  k  <  kjjj(u)) 

modal  wave-number  (defined  with  regard  to  (x,z) 
plane) 


k^(cD)  surface  wave  number  of  resonance  for  coupled  dome 

system  at  frequency  co  (k^  >  od/c) 

6k (co)  half  width  in  wave  number  of  a  resonance 

K2r  (cd)  K2  evaluated  at  k=k^ 
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k;(u)) 

kj.j^(a3) 

6kj^(u)) 

K2ri(‘^) 

kJ.j^(a)) 

k+ik. 


k^(co) 

K2v 

M(k,a)) 

Mj^Ckja)) 

Mj^(k,a)) 

M(b) 


wave  number  of  radlatlvely  damped  resonance  for 
coupled  dome  system  at  frequency  u)  (k^  <a)/c) 
[Eq.(l,T53a^ 

k2  evaluated  at  k=k^ 

wave  number  of  resonance  for  coupled  plate-fluid 
system  at  u:  (fluid  on  one  side  only) 

half  width  of  this  resonance  at 

K2  evaluated  at  k=k^j^ 

wave  number  of  radiatively  daaq>ed  resonance  for 
plate-fluid  system  at  u) 

cutoff  wave-numbers  such  that,  on  account  of  the 
smallness  of  I^Ck)  for  k  <  k^  and  of  r(k,y)  or 
ri(kn)  for  modes  with  k^  >  k_,  wavenumber  pairs 
(k,k^)  having  k<k_j_  and  k^  >  k_  (simultaneously)  are 
negligible 

wave  number  of  rapid  increase  in  wave-number  spectrum 
in  sample  computation  Eq.  (2-103) 

=  u)/t1LJ^  [Eq.  (1-60)] 

modal  wave-ifnumber  nearest  resonance 

K2  evaluated  at  k=ky 

inverse  distance  defined  by  Eq.  (2-134) 

wave-number  defined  by'Eq.  (2-129.1) 

=  rj(k,a))|^,  response  function,  Eq  (1-18) 

=jr  (k,a),-L)p,  pressure  response  function  at  inner 
dome  surface 

=  |l  +  r^(k  ,a))j^,  total  pressure  response  function  at 
outer  surface  of  plate 

certain  function  defined  for  0  <  b  <  1  by  App.  2, 

Eq.  (26),  and  graphed  in  Figure  2-3 

number  large  relative  to  unity  (e. g. , 27r)  ,  used 
in  a  wave-number  cutoff  for  the  area-averag¬ 

ing  factor  [Eq. (2-b5a)1 
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n 


index  for  radial  mode  number;  sometimes  also 
represents  parameter  with  values  n=4  for  plate, 
n=2  for  membrane 

*^mn[^i^  normalizing  coefficient  for  ^(k^R) 

n^,n2,nj,  integers  »  1  [fiqs.  (2-28).  (2-42a)  ,  (2-42b)] 

n_j^  mode  numbers  defined  by  Eq.  (2-29) 

N2,N2  numbers  »  1  ^Eqs.  (2-48),  (2-53)j 

number  ^  1  [fiq.  (2-48)| 

N(Zj^,Z2)  undetermined  function  of  the  dimensionless  argu¬ 

ments  z^,  Z2  [Eq.  (2-78)] 

N  number  of  elements  in  flush  array  [Eq.  (2-100)] 

N'  Same  in  shielded  array  [Eqs.  (2-101)  ,  (2-101. 1)] 

p(R,t)  excitation  pressure  wave,  Eq.  (1-7) 

Pq  anqjlitude  of  p(R,t) 

p“(r,t)  pressure  wave  in  outer  (inner)  fluid 

amplitude  of  p^(F,t) 

P(lt,co)  wavenumber- frequency  spectrum  of  some  pressure; 

It  is  wave  vector  parallel  to  surface  bounding  flow 

P^(tt,a))  same  for  pressure  due  to  turbulent  boundary  layer 

P^(lt,a))  same  for  total  pressure  on  outside  of  plate 

P(co)  frequency  spectrum  of  some  pressure 

P^(co)  same  for  pressure  due  to  turbulent  boundary  layer 

P(co,‘Rj^,^,y)  cross-spectral  density  of  pressure  between  points 
R^,  ^  at  depth  -y  within  dome  [Eq.  (2-7)] 

P^^(co)  part  of  Pq(^)  due  to  wave  numbers  k  ^  cd/Uoo  Eq.  (2-63) 

q^{(x>)  q(k,a))  at  k  =  kj.(a)) 

qj.(a))  q(k,a))  at  k  =  k^((D) 

qj,l(co)  q(k,a))  at  k  =  kj,j^(u)) 

q^  q(k,a))  at  k  ^  [fiq.  (2-164)] 

q(k,a))  (k/^Q)*^^^  (plate  n=4,  membrane  n=2)  [Eq .  (1-2)  ] . 


Q(cu)  frequency  spectrum  of  some  pressure  averaged  over 

circular  area  of  radius  |Eq.  (1-27^ 

Q^(cu)  same  for  pressure  due  to  turbulent  boundary  layer 

Q(u),y)  same  for  acoustic  pressure  Induced  by  the  turbulent 

flow  at  depth  -y  within  dome 

Q^(u))  satne  for  total  (turbulent  plus  acoustic)  pressure 

at  outfilde  of  plate 


Qj^(u))  =  Q((b,-L)  In  case  of  laterally  Infinite  dome 

Q^(a))  resonance  part  of  [sq.  (1-32)] 

Q^(u))  nonresonance  part  of  Q|^(u>)  [Eq.  (l-32]j 

Ql-i-(^)  part  of  Q£(u))  from  wave-numbers  k  >  [Eq.  (l-34)j 

Q(k  ,u),y)d^  contribution  to  Q(oo,y)  from  wavenumber  element  d^k 

part  of  Qq(oo)  due  to  wave  numbers  k  ^  u)/U^[Eq.  (2-64.)j 

pflrt  of  Q(oo,y)  [Q|^(a))|  due  to  wave  numbers  k  >  k^, 

”  “  k  <  k_,  respectively  [Eq.  (2-25)J  or,  nearly 

equivalently,  to  k  ^  co/U^ (convective  and  noncon- 
vective  parts) 

Q+(^»y)[Ql+(‘J^)]  of  Q^(a),y)  [Qj^^(cD)j  due  to  modal  wave  numbers 

k^  >  k^  (direct  convective  part)  [Eqs.  (2-37,  (2-39)J 

part  of  Q+(a),y)[Qj^^(a)^  due  to  k^  <k_  (convective 
overlap  part) 

resonance  contribution  to  Q_(a),y)  (direct  resonance 
part) 

Q^C^J^jy)  nonresonance  contribution  to  Q_(a),y)  ,  when  dis¬ 

tinguishable  from  (direct  propagating  part) 

Q^(^»y)  resonance  contribution  to  Q^(a),y)  (resonance  overlap 

part) 

nonresonance  contribution  to  Q^(u),y)  (propagating 
overlap  part) 

part  of  Q^(u),y)  from  k  <  co/c  (transmitted)  [Eq.  (2-129) 
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Q!(a^,y) 

Q(a)) 


65_(u)) 

6Q^(u)) 

6Q!((o) 

6^^  (u)) 

65+ (U3) 
^P((d) 

Qt(<^) 

Qo+(^) 

Qt(<^.y) 

Q+(<ii,y) 


I 

*^ol’*^o2’^o3 


Rj 


tt: 


\ 


part  of  Q^((i3,y)  from  k  >  co/c  (attenuated) 

frequency  spectrum  of  total  (turbulent  plus  acoustic) 
pressure  averaged  over  outer  surface  of  rigid  cir¬ 
cular  plug  of  radius  severed  from  plate  bounding 
flow  [sq.  (2-141)j 

acoustic  part  of  5(^)  t:o  excitation  wave  numbers 
k  <  k. 

acoustic  part  of  5(<^)  due  to  k  >  k_|_ 

resonance  contribution  to  65,  .(m)  [Eq.  (2-148)] 

nonresonance  contribution  to  B5.(tJ^)  »  when  distin¬ 
guishable  from  6^^((u) 

resonance  contribution  to  b5+(‘J'^) 

nonresonance  contribution  to  65^ (u))  ,  when  distin¬ 
guishable  from  6^^(a)) 

frequency  spectrum  of  pressure  due  to  turbulent 
boundary  layer  from  k  <  k_  averaged  over  active 
area  A  of  array  of  flush  elements  of  radius 

same  from  k  >  k^ 

spectrum  of  acoustic  pressure  Induced  by  turbulent 
flow  from  k  <  k^  averaged  over  active  area  A  of 
array  of  shielded  elements  of  radius  r^  at  depth  -y 

same  from  k  >  k,j, 

position  vector  (x,y,z)  with  x  directed  downstream 
and  y  directed  normally  to  the  boundary.  Into  the 
region  of  flow 

planar  position  vector  (x,z) 

radii  of  circular  averaging  areas 


effective  averaging  radius  defined  by  Eq.  (2-99) 

1/2 

linear  dimension  of  array, /v  (A.^/ir)  ' 
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R 

S„(k,y) 

Si„(k) 

§„(k) 

s 

S(<])) 

Se 

T„(k,a)) 

^InC') 

^„(k) 

T 

T(W 

t 

U 

00 

u(y) 

V* 

X 

^0. 

am '  n 


mlnlaium  permissible  radius  r^  of  shielded  element 

real  part  of  z(k,(u),  Eq.  (1-36) 
real  part  of  z(k^,u)),  Eq.  (2-146) 

(u)  suppressed)  factor  in  B^(k,y)  in  case  of  free  lateral 
wall,  Eq.  (2-23) 

same  in  Bj^^(k) 

Sj^^(k)  with  added  factor  l-|k2^/k^  [Eq.  (2-140)] 

mod^  with  wave  number  next  belo\7  specified  excitation 
wfive-number  k,  defined  by  Eq.  (2-29) 

defined  by  Eq.  (2-103.9) 

length  defined  by  Eq.  (2-133.1) 

(o)  suppressed)  factor  in  Bj^(k,y)  in  case  of  rigid  lateral 
wall,  Eq.  (2-23) 

satte  in  Bj^j^(k) 

Tj^^(k)  with  added  factor  l-fk2j^/k(u  [fiq.  (2-140)j 
tension  in  isotropic  membrane  ^Eq.  (l-4)j 
function  defined  by  Eq.  (2-95.1) 
time 

asya5)totic  mean  flow  velocity  over  plane  boundary 
mean  flew  velocity  at  distance  y  from  boundary 
local  velocity  (y  direction)  of  plate  [Eq.  (2-138)j 
same  for  mode  n 

friction  velocity  for  a  turbulent  boundary  layer  ('v/O.OSU^^ 
for  t3npical  Reynolds  numbers) 

imaginary  part  of  z(k,co),  Eq.  (1-36) 

ioiaginary  part  of  z(k^,a))  ,  Eq.  (2-146) 

=k^a,  k^a,  eigenvalues  determined  by  lateral  boundary 
conditions,  e.g.  Eqs.  (2-20),  (2-21) 
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z(k,(u) 

z 

(U 

Zj^Ck.co) 

Zr(u)) 

a(k,a>) 

^^(k,aj) 

Pn 

r(k,y) 

ri(k) 

1 


c 

T 


acoustic  Icopedance  of  dome  cover  for  parallel  \«ave- 
number  k  and  frequency  w 

=z(k  ,aj) 

'  (JO*  ' 

acoustic  Impedance  of  surface  (y--L)  beneath  dome 

radiation  in^edance  of  piston  of  radius  in  given  plate 
[aq.  (2-138)] 

phase  angle  of  pressure  wave  Interior  to  dome,  determined 
from  Zj^  by  Eq.  (1-11) 

magnitude  of  imaginary  phase  angle,  determined  from  z^ 
by  Eq.  (1-11) 

frequency  parameter  expressing  viscous  damping  of  dome 
cover  [Eq.  (1-1)] 

modal  expansion  coefficient  for  interior  pressure,  Eq.  (2-3) 

((u  suppressed)  acoustic  response  coefficient  for  pressure 
wave  (k,a))  at  depth  -y  in  dome,  Eq.  (1-8.1) 

same  for  wave  (k,cD)  at  outer  surface  of  plate 

phase  angle  of  pressure  wave  interior  to  dome,  determined 
from  by  App.  1,  Eq.  (14.2) 

magnitude  of  imaginary  phase  angle,  determined  from  z^ 
by  App.  1,  Eq.  (14.1) 

coefficient  expressing  interior  pressure  response  in  mode 
n  (normalized  to  y=0-)  per  unit  exterior  pressure  excita¬ 
tion  in  mode  s,  Eq.  (2-6) 

half  width  in  logarithmic  frequency  of  resonance  of  v-th 
mode,  Eq.  (2-113) 

reciprocal  acoustic-cancellation  factor  for  plug  in  plate, 
Eq.  (2-164) 

dimensionless  hysteretic  damping  coefficient  for  dome  cover 
or  plate  bounding  flow  [Eq.  (1-1)] 

=(^1,  C3)  planar  separation  vector  in  spatial  correlation 
functions 
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0(k,a)) 

d(k,a)) 

0;(k,a>) 

A(k,y) 

A(k,y) 

A„(k.y) 

A.(k.y) 

Ao(W 

A.W 


CO 


CO 


displacement  (y  direction)  of  vibrating  dome  cover  or 
plate  at  1[  at  time  t 

coefficient  yielding  a  variously  defined  effective  mean 
flow  velocity  as 

angle  defined  by  Eq.  (1-11) 

magnitude  of  Imaginary  angle,  defined  by  Eq.  (1-11) 
=e(k;.m)[Eq.  (1-53.1)] 

(cD  suppressed)  cushioning-area-averaging  factor  for  depth- 
y  and  excitation  wave  number  k  >  k^,  defined  by  Eq.  (2-80) 

local  wavenumber  (k)  average  of  A(k,y) 

part  of  X  due  to  k  >  k^  (direct  convective  part)  [Eq.  (2-81)] 

part  of  A  due  to  k  <  k_  (convective  overlap  part) 

averaging  factor  for  excitation  wave,  Eq.  (2-84) 

local  wavenumber  average  of  response-area-averaging  fac¬ 
tor  for  pressure  on  plug  in  plate  from  a  k  >  k^,  Eq. (2-147] 

=27rc/oo,  wave  length  of  sound  in  fluid(s) 

mode  nearest  resonance 

defined  by  Eq.  (2-139) 

mass  density  of  plate 

density  of  outer  (inner)  fluid 

=p—  if  =  p  ,  or  p"*"  if  p"  =  0 

mass  per  unit  area  of  dome  cover  or  boundary  plate 
Poisson' s  ratio  for  plate  material 

partial  sum  2(-)’^^  or  Z(-)’^S^  from  n  such  that  —  k^ 
when  k^a  »  tt  [Eq.  (2-41)] 

similar  partial  sum  from  n  such  that  k^  ^  k^, 
as  with  1^,  replaced  by 

time  separation  in  temporal  correlation  functions 
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X„(5) 

fib) 

CO 

a)r(k) 

6co(k) 

6(Oj^(k) 


eigenfunction  of  two-dimensional  Helndioltz  equation 
[Eq.  (2-i:^ 

function  defined  by  Eq.  (2-91.1)  and  shown  in  Fig.  2-3 
angular  frequency 

frequency  of  resonance  of  coupled  dome  system  for  planar 
wave-number  k  [Eq.  (1-54)  ] 

frequency  half  width  of  resonance 

same  as  a)^(k)  for  coupled  plate-fluid  system 

half  width  of  this  resonance  at 

frequency  such  that  k^(co^)  =  k^ 
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APPENDIX  1 


DERIVATION  OF  ACOUSTIC  RESPONSE  FUNCflONS 
FOR  THE  INFINITE  DOME  SYSTEM 


The  solution  of  the  basic  acoustic  problem  of  the 
text  will  be  given  here  (see  Fig. (!-])) Jhe  driving  pressure  p 
assumed  to  be  applied  to  the  plate  or  membrane  Is  given  by 


P(R,t)  *  [R-(x,z)].  (0) 

Let  0  (r,t)  [r  -(xjyjZ) ]  be  the  velocity  potentials  for  the 
acoustic  field  In  the  outer  (+)  and  Inner  (-)  fluids  and  p^(r,t) 
the  corresponding  acoustic  pressures: 

o*  .  -p*a0*/at.  (1) 

The  equation  of  motlo^  of  the  membrane  Is 


aq-TCl-lOV^q  +  opn  »  (p"-p''')y.^o-p,  (2) 

where  T  Is  the  tension  (force/ length)  on  the  membrane  and  a  Its 
mass  per  xinlt  area.  (Unspecified  symbols  are  defined  In  the  text 
at  Eq.(l-3).)  If  a  thin  plate  replaces  the  membrane,  the  equation 
becomes  Instead 


+  aa^(l-lC)vS  +  crPn  =  (p'-p'^)y^Q-p,  (3) 

with  a  =  p  h  .  The  acoustic  wave  equations  for  outer  and  Inner 
o  o 

media  are 


v20*-(c*)"^0^  0. 


(4) 


Al-1 


The  boimdary  conditions  that  apply  to  t],  0'’’,  0  are  the  following: 


f|  »  (^0^/^y)y=o  (contact  of  plate  and  outer  fluid)  (5) 

=  (^0”/^y)y_o  (contact  of  plate  and  inner  fluid)  (6) 

p'[»7(a0"/ay)3y„L=  (specified  impedance  at  (7) 

inner  surface) 

2  9  2 

(k'^=k^-j-kp 

0'*’  contains  no  traveling  or  exponentially  decreasing  (8) 
wave  in  the  -y  direction. 

In  view  of  Eq.  (0)  and  condition  (8)  we  may  assume 


Ti(R,t)  =  T]^e 


iTc.R-icDt 


ikty  +  i^.R  -  icot 
0"(i.t)  =  0$  e  2 


0"(r,t)  =  0Q 


cos[k;(y+L)-Kxl  -5  . 


COS 


(k^L+a) 


where,  to  satisfy  Eq.  (A), 


(k*)2  =  (u./c*)^-k^ 


and,  to  satisfy  Eq.  (7), 


tana  =  icop  /k2ZL. 


(8.1) 


(8.2) 

(9) 
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The  remaining  Eqs.  (2)  or  (3),  (5),  and  (6)  reduce  to  linear  equa¬ 
tions  for  Hq  ,0Q  fil'd  0Q,  from  which  all  desired  quantities  can  be 
formed.  Eqs.  (2)  and  (3)  may  then  be  written  in  the  generalized 
form 

-icoZTiQ  =  -ico(p‘0Q-p'^0Q)-pQ,  (10) 


where  z  denotes  the  impedance  of  the  plate  or  membrane,  namely 


z(k,0D)  =  a[icoq‘^(l-iO“i‘W^  ] 


(11) 


with 


q  = 


f  (plfite) 

Cq^/od  (membrane) . 

q.  (10)  and  the  reduced  Eqs.  (5)  and  (6)  may  be  written 


-icoz 

i  p'^’o)  -i  p  00 

-ico 

ikj  0 

-io) 

0  k2  tan(k2L+a) 

From  (12) 

we  find,  in  particular. 

^0  , 

'Po 

1! 

0 

i  j 

1  ■ 

!  1 

!  0 

1 

L  j 

L  J 

(12) 


interior  to  the  driving  pressure 


r(k,a',y)  = 


P"Cr,t) 

p(5.t) 


cos[k2(y+L)+a  ] 

cos(k2L4a)-isin(k2L+a)  [  (k2P^/k2p”)+(zk2/p  cu)  ] 


(13a) 
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If  k  >  oi/c  ,  the  result  is  preferably  written 


r(k,CD,y) 


chtKjCy+L)-^] 

ch(K2L-»^)+sh(K2L-w)  [ (K2P^/K2P  )+i(2K2/p  a))3 


(13b) 


where 

Kf  = 

tha  =  -icpp'/K^eL  (i*e.  a--  -ia)  (14) 

as  obtained  from  (13a)  by  setting  ik|^  =  -K**  If  ■/K2  IzJ  >  l(with 
Zj^  pure  imaginary),  as  for  a  pressure-release  inner  surface,  the 
definition  (14)  is  inconvenient;  one  may  instead  define 


A 


cth  7  =  -iop 


and  obtain  in  place  of  (13b) 


(k,cD,y)  = 


sh[K2(y+L)+7] 


sh(K2L4a)+ch(K2L+7)  [  (K2P*’*/K2p')+i(zK2/p”^^^  ^ 


.  (13c) 


Though  not  necessary,  we  may  also  define 


cot  7  =  -ip  oo/k^Zj^ 


If  c’^^c  ,  there  will  be  a  range  of  k  where  k  <  a/c^  but  k  >  co/c 
or  vice-versa;  the  corresponding  suitable  form  of  r(k,a.',y)  will 
not  be  of  sufficient  use  to  be  recorded  here. 
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// 

y 


and  obtain  in  place  of  (13a) 


r(k,a),y) 


sin[k2  (y+L)  Hyl 

sin(k2L+7)  +ico8  (k^L+y)  [  (k2P^/k2p’)+(zk2/p’a>)  ] 


(13d) 


Likewise,  if  the  inner  medium  is  infinitely  thick,  so  that  the 
iDq}edance  at  any  chosen  depth  y=-L  is 


2L(k,aj)  =  ajp“/k2, 

we  may  write,  in  place  of  (13), 

f[l+(k2P^/k2p‘)+(2k2/p“tD)]  e 


(k  <  a>/c^) 


r(k,aj,y)  =  { 


[l+(K^p’^/l^p“)+i(2K^/p"a>)]  e*^^  (k  >  co/c^) 


(13e) 

(13f) 


We  may  likewise  find  from  (12)  the  ratio  of  the  acoustic 
to  the  driving  pressure  on  the  outer  surface,  i.e.. 


r^(k,co)  =  = 


lojp  0. 


P  Pq 

We  write  the  result  only  for  the  case  where  there  is  no  interior 


rj^(k,<o)  = 


the  index  +: 

-[l+(zk2/pa))  ]"^ 

(k  <  cd/c) 

-[l+i(zK2/pa)) 

(k  >  (o/c) 

(15) 
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APPENDIX  2 

ACOUSnC  EXCITATION  WITHIN  BOUNDED  FLUID 
BODIES  OF  LAB6E  LATERAL  DIMENSION 


I.  Introduction 

Vc  present  here  an  asymtotic  solution  for  a  group 

of  acoustic  boundary-value  pr<H>IeBM.  The  type  of  pr<^lein  In  qtiestlon 
Is  pertinent  to  the  study  of  nodels  of  sonar  dones  and  sheaths 
(but  not  to  boots  on  hydrophones  where  the  area  of  the  boot  la  not 
large  coopered  to  the  active  transducer  area  and  not  large  cospared 
to  the  wave  length  of  sound  In  the  outside  medium).  Some 
of  the  results  obtained  In  the  following  sections  will  be  outlined 
here  first.  Consider  a  seml-lnflnlte  circular  cylinder  of  Ideal  fluid 
of  radius  a  having  either  rigid  or  pressure-release  lateral  walls  and 
terminated  In  a  cross  section  (y  •  -  L)  of  given  impedance  (see  Fig. 
A2-1).  At  another  cross  section  (y  •  0)  there  Is  an  applied  pressure 
discontinuity  of  definite  frequency  a>  and  wave  number  k  parallel  to  the 
cross  section.  Consider  the  resulting  pressure  transmitted  acoustically 
to  a  point  y  on  the  axis  between  the  cross  sections  (0  >  y  >  -  L).  In 
an  envisaged  application  the  pressure  source  Is  due  to  a  turbulent  flow 
over  the  outside  of  the  cross  section  y  >  0.  At  the  cross  section  y  -  0, 
Just  Inside  the  pressure  source,  there  can  be  Interposed  a  thin  dynamic 
sheet  (plate  or  membrane),  provided  It  satlsflds  certain  special  boundary 
conditions  at  Its  periphery,  r  •  a. 


A2-1. 


PLATE  CP 


FIGURE  A2-1.  RUDIMENTARY  FINITE  DOME  MODEL 


mmiwam  < 


1£  one  lets  the  lateral  size  become  Infinite,  i.e.  a  oo  ,  at 
fixed  k~^  and  k~^,  where  k  *  oc/c  is  the  sound  wave  nunber  in  the  fluid 
and  k  >  k^,  then  the  acoustic  pressure  is  conveyed  by  waves  with  the 
same  wave  nuBi>er  k  as  the  pressure  source  parallel  to  the  planes 
y  -  constant  and  is  attenuated  nearly  exponentially  with  increasing  |y|. 
If,  on  the  other  hand,  one  lets  a  oo  at  fixed  k~^  and  k~^,  but  with 

CD 

|yj  (and  L)  ■*>  oo,  idiere  |y|,  however,  increases  more  slowly  chan 
a  (e.g.  as  a^,  0  <  6  <  1),  Chen  Che  acoustic  pressure  in  the  limit  is 
conveyed  exclusively  by  waves  with  the  wave  number  parallel  to  the 
source  plane  and  hence  with  vanishing  wave  number  in  Che  y  direction. 

The  same  is  true  if  Che  circular  cylinder  is  changed  Co  a  semi -infinite 
slab  %d.th  faces  normal  to  the  wave  vector  of  the  planar  pressure  source. 
In  Che  second  type  of  limit  in  all  cases  the  pressure  varies  with  a 
(disregarding  dependence  on  y)  as  We  proceed  Co  the  detailed 

calculations . 

2.  Infinite  rectangular  geometry;  dipole  pressure  source  without  dome 
Consider  an  infinite  slab  of  ideal  fluid  subject  to  a  fixed 
impedance  condition  on  Che  two  faces  (x  ■  +  a)  and  a  plane  pressure 
source  with  time  dependence  exp(-ia)C)  on  one  side  of  a  cross  section 


A2-3. 


(y  «  0,  -  a  <  X  <  a)  normal  to  the  two  faces  (see  figure).  The  pressure 

source,  and  hence  all  other  quantities,  are  assumed  independent  of  the 
third  coordinate,  z.  Omitting  time  dependence  through-  |  ^  f  | 


I 


out,  let  the  applied  pressure  be  P(x).  Denote  by 
p(x,y)  the  acoustic  pressure  field  in  the  slab,  in 
which  the  sound  velocity  is  c.  The  boundary  condition 
(b.c.)  on  pressure  at  y  «  0  is  then 


pressure 

source 


(1)  P(x,0+)  +  P(x)  »  p(x,0-), 

i.e.  there  is  a  discontinuity  -P(x)  in  p(x,y)  across 
the  plane  y  -  0.  Continuity  of  fluid  velocity  at  y 
second  b<c. 


impedance  condition 
0  Implies  the 


C2)  (Sp/3y)y=0+  ■  • 


The  solution  can  be  expanded  in  normal  modes  for  the  x 
dependence.  Taking  account  of  (1)  and  (2)  one  has 

_  00 

(3)  P(x,y)  »  +  (1/2)  2  exp(ik2Jy|) 

n*o 


for  y  ^  0,  respectively,  where  the  ^  complete  set  of 

orthonormal  functions  satisfying  the  one-dimensional  Helmholtz  equation 


i.'Vif, 


1 

-  "ip 

IS 


(dVdx^  +  -  0 


and  the  given  impedance  conditions  at  x  »  +  a;  c^  is  given  by 


dx  P(x)j 


I  - 


1,2  1,2  ,2  ,  -  / 
k-  -  k  -  k  ,  k  -  tt/c. 
2n  00  n  *  CD  ^ 


By  virtue  of  (4)  and  (6) ,  the  expression  (3)  properly  satisfies  the 
Helmholtz  equation  for  the  acoustic  field  (where  y  /  0) : 


[7)  (y2  +  k^)  p(x,y)  »  0.  (y  7^  0) 

2  2  1/2 
For  n  such  that  k2j^  <  0,  one  replaces  ik2n  ”^”^2n^  ^ 


2.1  Rigid  walls 

Suppose  that  the  walls  at  x  -  +  a  are  rigid.  Consider  first 
a  pressure  source 


Then 


P (x)  «  p^coskx. 


-1/2 

“  a  '  cosk^x,  n  >  0 


’AqCx)  «  2 


-1/2 


(9.1) 


kn  =  nir/a, 
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and  (5)  yields 


where 


-  2  p  8  a  k  slnka  ■  , 

o  on  ^2.^2 

n 


-  1  (n  /  0) ,  -  2 


-1/2 


Hence 


P(x»y)  *  2  p^a  k  sinka 


(OD  . 

I  (-)"f(n)  +  i 
n-1  ^ 


f(0) 


where 


“  p^a  ^  k  sinka  Z  (*)*'f(n)» 
n»-oo 


coslc  X 

£(o)  -  +  (1/2)  -y-  expdkj^  I  y|). 


k*-k‘ 


The  infinite  sum  in  (11)  can  be  transformed  in  various  ways 

by  forming  the  function  7rf(z)cscirz  for  complex  z  and  integrating 

it  around  one  or  another  closed  contour  in  the  z  plane  (Sonnier feld- 

Watson  method) ,  bearing  in  mind  that  a  branch  cut  connects  the  branch 

points  z  “  +  k  a/ir,  at  which  k  »  k  and  k.  »  0.  One  such  path 

yields  a  result  that  can  be  written  (we  assume  k  >  k  ) 

(0 


P(xiy)  •  pQo(x,y)  +  Ap(x,y), 


where 


(13.1) 


m  r 

pj^(x,y)  -  +  (l/2)p^coskx  exp[-  (k^ 
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t  in  coslc  X 

AP(x,y)  -  +  p^ka'^  slnkaU  (t/2)  z  (-)"  -J-f-  sin[(k2  -k^)^/^|  y|] 


n— m  k^-k‘ 


n 


(14) 


Sigffi 


k  a 
(0 


where  the  integer  m  is  defined  by  ®  1  <">  +  !>  P*V.  denotes 

principal  value,  and  ch  «  cosh,  sh  r  sinh.  In  £q.  (14),  /\p  is 

expressed  as  the  sum  of  a  number  of  real  integrals ,  whose  values  are 

real,  and  a  pure  imaginary  term  proportional  to  a  finite  sum.  At  y  ®  0, 
clearly  ap  “  0  and  by  (13) 


p(x,0)  »  +  (l/2)p^coskx, 

which  satisfies  the  b.c.  (1),  in  view  of  (8),  as  it  must. 

Imagine  now  that  the  distance  between  the  walls,  2a,  increases 
indefinitely  while  the  lengths,  k  x,y  remain  fixed.  The  length 
k^^(»  c/oj)  may  be  taken  to  be  fixed  or  to  increase  as  a.  The  real 
contributions  to  Ap  clearly  vanish  in  this  limit.  The  nunber  of  terms 
in  the  sum  in  the  imaginary  part  increases  proportionally  to  k^a,  but 


A2-7. 


on  account  of  the  alternating  signs  (considered  further  below)  this 
contribution  vanishes  as  ;jeli,  leaving  only  the  first  term  ,  in 
(13) .  This  term  is  just  the  solution  for  the  problem  in  the  absence 
of  walls,  where  the  slab  (and  source  plane)  are  infinite  in  the  x  direc¬ 
tion.  That  is,  the  pressure  at  a  given  point  is  unaffected  by  reflections 
from  the  walls  when  these  recede  to  infinity.  (See  also  Ref.  IS.) 

Now  Imagine  instead  that  as  a  co  ,  so  also  )y)  oo  ,  but 
that  )y|  does  so  more  slowly,  e.g. 


(14.1) 


y/a  cc  a’^  with  0  <  6  <  )  . 


In  this  limit  one  has  rather  p  /ap  -*■  0. 

oo' 


number  k^,  such  that 
that  derives  from  modes 


n  with 


that  part 

'‘t.> 


fixed 

In  fact,  consider  for  any^wave 
Pj^(x.y)  of  p(x,y)  in  Eq.  (11) 


(15)  Pw(x,y)=  2  p  a"^  k  sinka  Z  (-)"  f(n). 

”  °  n-N+2 

where  N  is  defined  by  ^  Si  ^  S^+2  ^  increases  as  a, 

since  k^  is 

includes  those  terms  that  principally  contribute  to  PQQ(x,y).)  Each 
term  in  the  sum  (15)  decreases  exponentially  with  )  y  |  ,  and  one  recognizes 
that  in  the  limit  where  a  ->  oo  and  |  y  |  -►  od  in  accord  with  (14.1),  one 
will  have  P^P  •*  0  and 


independent  of  a).  (This  partial  sum,  if  (k-kj^)a  »  tt. 
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(16) 


-1  I  1  n 

p(x,y)  -►  2  p^a  k  sinka<  j  £(0)  +  Z  (-)  f  (n) 

n«»l 

Stated  otherwise  without  reference  to  limiting  processes,  in 
some  domain  of  values  of  k,a,x,  and  y  (a  domain  of  considerable  interest 
in  the  intended  applications),  the  pressure  at  depth  |y{  from  the  source 
plane  is  well  approximated  not  by  the  result  p^  for  infinite  a 
(dome  size),  but  by  the  contribution  from  the  lowest  modes  n  up  to  some 
modal  wave  nunber  limit,  i.e.  for  k^  <  the  contribution  from  higher 
modes,  including  those  with  k,  being  negligible  on  account  of 

their  rapid  exponential  attenuation  with  |  y  |  . 

The  limiting  case  to  be  dealt  with  here  is  that  where,  in 
addition  to  the  previously  assumed  limiting  parameter  relations,  namely 

f, 

1/ka  0,  y/a  0,  y/a  -*■  0, 
and  relation  (14.1),  we  have  also 

1/k  a  0, 

i.e.  the  lateral  extent  (parallel  to  the  source  plane)  is  large  compared 
to  a  sound  wave  length.  In  this  case  the  sum  (11)  [or  (16)]/  for  p(x,y) 
can  be  sumned,  independently  of  any  parameters,  to  leading  order  in  a 
as  shown  below. 

Take  N  in  Eq.  (16)  to  be  even.  Let  f(n)  T(k^),  in  accord 

t  I 

with  (12).  For  n  such  that  T(k  )  is  analytic  over  ^^-(1/2)  ^  ^  ^  ^n+( 

(where  Eq.  (9.1)  is  extended  to  nonintegral  n) ,  we  have,  since 
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(17)  £(n)  -  £(n+l)  -  (1/2)  [£(n-l/2)  -  £(n+3/2)]+ 0((ir/a)\' "  (k^))  . 

where  a  prime  denotes  0(e)  a  quantity  o£  the  order  of  e. 

Hence,  apart  from  a  modification  required  for  n  such  that  T(k')  is 
not  analytic  for  k’  near  k^,  we  have 


N+1 


N 


(18) 


Z  (-)"f(n)  -  (1/2)  [f(-l/2)  -  f(N+3/2)]  +  0((Tr/a)'‘  Z  T' "  (k^)) 


n*o 


n-o 

even 


By  (12),  T(k')  is  not  analytic  at  k'  -  +  k^  ,  having  branch 


points  there  on  account  of  the  factor  exp[i(k^  ”k^)^^^|yl)  •  Therefore, 
in  a  certain  range  of  n  where  k^  k^  we  do  not  use  (17) ;  this  range 
is  specified  as  running  from  n  -  j  +  1  “  to  n  »  j  +  p-2» 

Integer  j  is  defined  by 


(18.1)  k.  <  k  <  k.^,  . 

If  the  wave  number  range  thus  to  be  excluded  is  called  Ak,  we  note  that 
the  nunber  of  modes  20^  in  this  range  increases  indefinitely  as  Aka  oo  ; 
we  are  free  to  let  Ak  -►  0  in  this  limit,  however,  and  so,  as  k^a  -►  co  , 
we  let 

(19)  n2/k^a  -►  0,  while  02-^00, 

t.g,  n2/k^a  cc  with  0  <  e  <  1  (cf,  (14.1)).  If  we  apply  (17)  outside 
the  stated  range  of  n,  we  obtain  instead  of  (18) 
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V  - 


(20)  S  (-)“f(n)  -  (l/2)[f(-l/2)  -  £(11+3/2)]+  S.  +  +  0((t/.)'’  S'T^"). 


wlMr* 


S.  -  X  [f(a)  -  f (0+1)1  -  (l/2)f(j  +  1/2  -  n,), 
n-J+l-n^^  •* 


even 


(20.1) 


3.  -  X  ^  £(n)  -  f(o+l)  +  (l/2)fa  +  1/2  +  n  ) 

**■  n-j+1  ^  ^ 


even 


we  aseuae  for  definiceneee  chec  J  is  odd,  and  the  prime  on  the  sum 
over  T^"  ia  intended  to  signify  that  the  interval  J+l-n2  ^  ^  j*l’Hi2 


is  omitted. 

Consider  the  final  term  in  (20).  From  explicit  differentiation 

of  (12)  with  respect  to  k  it  can  be  seen  that  the  part  of  T'"  of 

n  n 

lowest  order  in  a*^  (with  x  fixed)  is 


(20.2) 


in  which  we  have 


-1  d 

'*’2  2  2  dk 

^  kT  -  k^  ®‘^2n 

n  ^ 


d  1  *'\n 

.xp(ikj„|y| )  i  -j-  . 

»  -  n 


(20.3) 


this  part  is  of  lowest  order  because  for  n  near  the  lower  limit, 
j  +1  *  02*  excluded  interval,  we  have 

^n^  \  '  whence  ,  as  0. 
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The  dependence  on  e  end  n2  of  the  lowest-otdex  pert  of  the  leet 
texB  in  (20)  is  thus  given,  in  view  of  (20.2)  end  (20.3),  ee 


-3  -5  cc  -2 

^  .  *n*^2n  • 

n-o 


r 


(20.4) 


0(.-V^  njV2) 


«rhexe  0(e^  n^)  end  fectors  unreleted  to  the  dependence  on  e  end 

n2  in  the  linit  k^e  oo  ,  n2  oo ,  0  heve  been  dropped.  A 

contribution  of  the  sesie  order  es  (20.4)  results  from  the  susi  over  n 
on  the  upper  side  of  the  excluded  intervel.  It  will  be  shown  below  thet 
+  S^(=  S)  in  (20)  is  elso  of  the  order  of  e"^/^  in  e  but  is 
independent  of  n2  in  the  linit  n2  oo  .  Hence  in  the  linit  in  question, 
according  to  (20.4),  the  contribution  of  the  last  term  in  (20)  in  fact 
vanishes  relative  to  +  S^.  He  therefore  neglect  this  term. 

The  term  -(l/2)f(N  3/2)  in  (20)  we  can  write  directly 

from  (12).  By  definition  of  N  and  the  limiting  relation  (14.1),  it 
can  be  neglected.  The  term  (1/2) f(~  1/2)  in  (20)  may  be  combined  in 
computation  of  p(x,y)  with  the  term  -(l/2)f(0),  which  must  be  added 
to  (20)  to  form  (16).  The  difference  (l/2)|^f(-  1/2)  -  f(0)j  may  be 
found  in  the  pertinent  limit  of  large  a  by  a  Taylor  expansion  of  (12) 
about  n  "  0.  The  linear  term  in  this  expansion  vanishes  leaving  the 
difference  '^0(a  )  which  is  of  no  lower  order  than  contributions  being 

discarded. 


\ 

.  \ 
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In  coapnting  thn  rcMiniag  tnnM  in  (20) ,  £01: 

gnnnrniity  w*  rnplacn  nzprnttion  (12)  for  £(n)  by 

(21)  f(a)  -  b(kj^»»)  g(k2Q»y)> 

whoro  g(k2Qfy)  ■  +  (1/2)  «xp(ik2Q)yl)  and  ■iq>pre8t  the  x  and  y  depend 
ence.  We  define  b,  a  function  of  that  described  the  position  of 

between  adjacent  nodal  wave  nuabera,  by 

(22)  “  ‘"j  "  (0  1  b  <  1),  l.e.  b  -  (k^a/r)  -  j. 

Then 

k^  •  kj  -  (j-n)T/a  "  "  (j  -  n  +  b)T/a. 

The  suns  in  (20.1)  have  increasingly  many  terns  as  n2  00  but  for 

all  of  then,  as  stated  above,  k.  k  as  a  00.  Proceeding  first 

n  OD 

with  S_,  iron  (22)  we  have 

(23)  kjn  -  (k^  -  ifT ky^(»/a)'^/*(J  -  n  +  b)^/^ 

to  lowest  order  in  r/a.  Thus 

f(n)  -  £(»fl)  H.h(k^)(Sg/dk2)„  (kj^  -  kj 

(24) 

£0  +  V*  -  «2)  -  h(k„)fg,  +  Oa/ikj)^  k^^j  ^  . 

where  g^  •  g(k2  ■  0),  (dg/dk2)^  -  (dg/bk2)j^  _  q  »  From  (20.1),  (23), 

(24) ,  we  find  in  the  limit  of  02  00 
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(25)  S.  -  -  (1/2)  l>(kjg^  +-VT h(k^)(a8/ak2)^k^^/*(T/.)'^/^(b). 
where 

/"2"^ 

(26)  M(b)  -  llo  I  Z  -  (iB-l4b)^/^]  -  (1/2) (n2-rt>-l/2)^/^ 

n.>*oo  \  m-l 
^  odd 

Similarly,  with  regard  to  ,  which  involves  a  sum  in  which 

*^2n  =  "  k2n  > 

f(n)  -  f(n+l)  h(y  (dg/ak^)^*  i  (K^^  -  K2,iH-l>- 
Proceeding  as  before,  we  now  find 

(27)  S  •.  (1/2)  h(k^)go  -  lVTh(k^)(a8/ak2)^  k^V2(,/a)V2„(l.b). 

Thus  S_  +  S  l8~0(a'^'^).  Hence,  ftOB  (16),  (20),  (25),  and  (27),  we 
finally  obtain,  to  lowest  order  in  a 

(28)  p(x,y)  -  2  (2t)'-''^  a'^/^k  k^^/*  h(k^)  (Sg/dkj)^ 

X  sin  ka  [M(b)  -  i  M(l-b)  j  , 
where,  in  the  present  Instance  of  Eq.  (12), 

(28.1)  h(k^)  -  cos  k^x/(k^  -  k^^), 

(dg/dk2)^  -  +  (1/2)  l|y|  -  -  i(l/2)y. 


A2-14. 


For  valuot  of  k^«  ouch  that  tba  integer  j  defined  by  (18.1)  is  even 
instead  of  odd  aa  aaauaed  above  and  b  is  still  defined  as  at  (22),  the 
value  of  S  ia  found  to  be  the  negative  of  the  valiie  of  S  for  the 
saae  b  in  the  cate  where  J  ia  odd.  In  other  words,  if  we  define 
J  rather  aa  that  odd  Integer  auch  that 


and  b  by 

^ j  “  0  ^  b  <  2, 

then,  if  S^(b)  denotes  S  as  coiqiuted  above  [gqs.  (25),  (27) j  for 
0  ^  b  <  1,  one  bee  for  Che  full  range  0  ^  b  <  2t 

|s^(b),  0  ib  <  1 

(29)  ’j-S^O)-!),  lib  <2; 

S,(b)  -VThCkJCag/Skj)^  kJ^/^(T/a)V2  [M(b) 

-  i  M(l-b)]. 

According  to  (29),  p(x,y)  will  be  a  continuous  function  of  k  a,  as  it 

(D 

must  be,  only  if  S^(l)  -  -  S^(0),  or  equivalently  if  M(l)  -  -  M(0). 
This  equality  in  fact  holds,  as  one  can  show  from  the  definition  (26). 

To  lowest  order,  then,  p(x,y)  [  Eq.  (28) j  has  a  dependence 
of  Che  form 

a‘V^  B(k__^a), 


A2-15. 


where  E(z)  Is  a  periodic  fuaccioa  with  period  2r  (or,  apart  from 
a  sign  reversal,  t).  The  function  M(b)  was  programmed  for  machine 
computation  by  Dr.  H.  Steinberg;  results,  with  use  of  (29),  are  given 
in  Fig.  2-3  of  the  text. 


According  to  the  result  embodied  in  (28) ,  in  the  limit 
considered,  the  principal  contribution  to  the  pressure  at  (z,y)  derives 
from  modes  whose  x-wave  nuobers  nearly  coincide  with  the  wave 

number  of  sound,  k  ,  at  the  given  frequency,  and  whose  y-wave  numbers, 

09 

therefore,  nearly  vanish,  producing  a  linear  dependence  on  distance  jy) 
from  the  source  plane. 

Now  consider,  in  place’  of  (3),  a  pressure  source 

(30)  ^(x)  -  p^  sinkx, 

where  we  apply  a  tilde  to  quantities  to  distinguish  this  new  case.  Then 
in  place  of  (9)  and  (9.1) 

(31)  sink^x  (for  all  n  ^  0)  ,  -  (n  +  l/2)Tr/a. 
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Proceeding,  we  find  in  place  of  (11) 


(32) 


1  ®  ^ 

-  -  2  coeka  Z  (-)"  f(n), 

n"0 


lAcrc 


(33) 


^  ^  .  aink  z 

k  'k 

n 


As  at  (13),  in  the  limit  of  a  -»■  oo  at  fized  k~^,  k^'^,  z,  and 
7,  the  solution  is  that  obtained  in  the  absence  of  walls: 


(34) 


Pojj(*.y)  •  +  (V2)Pq  «inkz  ezp  -(k^-k^^)^/^  |y  1 


In  the  modified  limit  treated  above,  where  jyj  oo  as  a  ■»>  oo  as 
specified  at  (14.1),  we  may  cut  off  the  infinite  sum  in  (32)  at  n  «  N  +  1, 
say,  as  in  (16).  Introducing  the  expansion  (17)  for  f(n)  -  f(n  +  1) 
and  proceeding  as  before,  we  obtain  an  expression  of  the  form  of  (20). 
There  is  no  term  analogous  to  (1/2)  f(0)  to  be  subtracted  this  time, 
as  seen  on  comparing  (11)  and  (32);  however,  the  term  (1/2)  f(-l/2)  of 
(20)  itself  vanishes  by  (31)  and  (33) ,  since 

sink^j^^2*  “  0-0. 

To  lowest  order  in  a'^,  therefore,  we  obtain,  as  at  (28), 
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/ 


p(».y)  -  -2 

X  cm  ka  [M{b)  -  IH(l-b)]  , 
where  by  (33)  we  have  in  place  of  (28.i) 


(36) 


h(k  )  -  SlD  k  x/dk^-kj)  , 

<0  CD  Oft 

(it/ikj^o  “  ■ 

The  preeaure  cocteapondlng  to  an  excitation 


A  IImt 

P(x)  -  p^  e^*", 


obtained  by  coiblaing  (28)  and  (35) »  can  then  be  written 


kk 

p(x,y)  •»  -  i%~'2 — 

a  (Ic  "k  j 
'  (o' 


(37) 


X  (sinka  cosk  x  -  icoska  sink  x) . 

'  (0  CD 


2.2  Free  walls 

Now  suppose  that  the  walls  at  x  -  +  a  are  free  (zero  impedance) . 
Consider  first  a  pressure  source 


P(x)  ■  p^coskx. 

Then,  using  the  earlier  notation  for  present  quantities  even  if  they 
differ  from  the  earlier  ones,  we  have 
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♦^(*)  -  a"^/^co8k^x  (n  ^  0) 

with  given  at  (31) •  The  aolutlon  as  a  oo  at  fixed  fyf,  etc,, 
ia  independent  of  the  botindary  condition  at  the  wall  and  hence  given 
again  by  (13.1) e  In  the  nodified  limit  of  concern,  on  the  other  hand, 
we  obtain 


-1  n 

P(*.y)  *►  -  2  p  a  coska  2:  (-)  f(n), 

na'O 


where 


A/ 


0sf 

.  k  cosk  X 

£{n)  -;i  -S-r~¥ 

n 


The  term  (1/2) f ('•1/2)  again  vanishes,  this  time  on  account  of  the  factor 


✓V 


k^  in  f(n).  We  have 


P<..y)  -  -  2  (2t)'^^^  •'(k^Xds/dkj)^ 


(38) 

with 


X  coska  [M(b)  -  iM(l-b)j 


h(k  )  -  k  cosk  ll/(k^  -  k  ^  ). 

CD  CD  CD  CD 


(dg/dk2)^  -  -  i(l/2)y. 


Now  consider  a  pressure  source 


P(»)  ■  p^sinkx. 


We  have 


l!(^(x)  -  a"^/^  sink^x  (n  ^  1) 
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with  *  inr/a  as  at  (9.1).  In  the  limit  of  concern 


p(*,y) 


-1 

2  p^a  sinka 


I  (-)  f(n), 

n«l 


where 

,  k  sink  X 

f(n)-+^  —5 - expUk^Jyl). 

k  -  k^ 

.2 

The  term  (1/2) f (-1/2)  is  ^0(a  )  on  account  of  the  factors  k^sink^x 
in  f(n),  and  hence  of  the  order  of  neglected  terms.  We  have  then 


(39) 

with 


P(x.y)  -  2  '>('‘<.,>(**^^>‘2)0 

X  sinka  [M(b)  *  iM(l-b)] 

h(k  )  -  k  sink  x/(k^  -  k  ^), 

(0  (0  a'  ® 

(dg/dk^)^  -  -  i(l/2)y  . 


For  a  pressure  soiirce 


P(x) 


Po® 


ikx 


» 


by  conbination  of  (38)  and  (39)  we  obtain 


(40) 


p(».y) 


k  V2  y 

P-  -vJl  i - j  +  IM(b) 

a> 


X  (cos  k  X  cos  ka  -  i  sin  k  x  sin  ka) 

CO  CO 

Tbs  saplitude  o£  the  pressure  in  the  limit,  according  to  (37) 
and  (40),  is  smaller  in  the  case  of  free  walls  than  in  the  case  of  rigid 
walls  by  a  factor  k 


3.  Cylindrical  geometry;  dipole  pressure  source  without  dome 

In  place  of  the  infinite  slab  we  consider  now  an  infinite 
circular  cylinder  of  radius  a  with  a  pressure  discontinuity  applied 
over  a  cross  section  (y  «  0)  as  before  and  an  impedance  condition  at  the 
cylindrical  surface.  Let  the  cylindrical  coordinates  be  (ypr.d)  =  (y>t). 


Consider  a  pressure  source 


P(r.e)  -  P  e““ 


i.e.  a  plane  (line)  wave  of  definite  wave  number 
in  direction  3. 


pressure  : 
source 
"  T  a 


impedance 

condition 


The  resulting  pressure  field  may  be  expanded  in  the  form 


p(r.e.,)  .  (2.)-V\“  1  g(kj^  y)  , 

m»-oo  n»o  ’ 


where  the  C^  are  expansion  coefficients  corre8ponding^(41)  which  may  be 
written  explicitly,  the  are  modal  wave  numbers  that  satisfy  the 
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b.c.  at  r  >  a,  and 


-  +  <V2)«P<1S«  2  )  y  ^  0.  '‘2m  •  <^0,^  - 


We  shall  consider  only  the  average  force,  say  F(y),  on  a  circular  area 
of  raditis  centrally  located  in  a  cross  section  of  the  cylinder  at 
y.  Let  any  qxiantity  for  n  >  0  be  denoted  siaq^ly  by  -q^.  Then 

we  have 

2t 

(44)  F(y)  -  fde  f  dr  r  p(r,e.y)  -  R^  •^l('^n*o^^^2n 

j  j  u  » 

o  o 

The  are  found  to  be  given  by 


(45) 


Cn(ka) 


2(2t) 


1/2 


[(ka)2  -  +  h^K'>] 


fdiere  x  =  k  a. 
n  n 


3,1  Rigid  walls 

In  this  case  the  eigenvalues  x^  are  specified  by 

(46)  ®  (n  ^  0)‘ 

Eq.  (45)  then  yields 
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,  ka  J,  (ka) 

c„  ■  2(2,)V2  A 


(47) 


Jo(*n>l(^>  -  *n  1 


2t(-)"  k«  J^(k«)(«^k^a)^/^ 


where  e  is  defined  by 
n  ^ 


By  virtue  of  the  asymptotic  form  of  in  (46)  and  of  we  have 


e_  1  as  n  00 , 
n 


but  for  n  «  0}  since  *  0  and  J^(0)  «  1,  one  must  regard  the  product 
e^k^  as  inseparable  and  given  by  e^k^  <■  Z/va.  Eq*  (44)  thus  becomes 


(48) 


F(:0  -  (2T)^/S(a^/^  kR^  J,(ka)  Z  (-)”  £(n), 

O  O  Jt  _ 


n»o 


where 


(49) 


f(n) 


J,  (k  R  )  (e  k  ) 
1'  n  o'  n  n' 


1/2 


n 


V—1'  8(^2n 

k  -  k  ^  ’ 

n 


[cf.  (11)  and  (12) j. 

In  the  limit  of  a  oo  with  other  lengths  fixed,  the 
solution  becomes  that  in  the  absence  of  the  wall,  namely 


(50) 


(r,0,y)  -  +  (l/2)p^  cxp[ikrco*(e-0)]e*p[-  (k^  -  k^^)^/^lyl], 

Foo(y>  "  +  <V2)pj2Tk-\  J^(kS^)]  e*p[-  (k^  -  k^2)V2|y|]^ 


£he  first  square-bracketed  factor  in  (tines  p^)  being  nerely  the 

2 

integral  of  the  source  pressure  over  the  area  vR  . 

o 

In  the  litnif  of  special  concern  ^Eq.  (14.1)]  ,  on  the  other 

hand,  as  us\ial  the  sxm  in  (48)  nay  be  terninated  at  sone  n  ■  N  +  1. 

Application  of  the  previous  procedure  based  on  (17)  in  this  case  can  be 

made  only  at  large  n,  as  will  be  seen  below;  in  consequence,  in  addition 

-1 

to  the  contribution  of  lowest  order  in  a  deriving  fron  '.;hose  u  such 

that  in  the  limit  k^  -  might  find  a  second  contribution  of  tiy.s 

order  from  those  n  such  that  in  the  limit  k  0.  The  latter  contribution 

n 

did  not  occur  previously  and  is  associated  with  the  circular  geometry  of 
the  present  case;  in  fact,  however,  it  proves  to  vanish. 

Consider  those  terms  in  the  sum 

I  (-)  £(«) 
n-0 

in  (48)  with  n  >  nj^  for  some  even  n^  such  that  1  «  n^^  <  N.  As 

k  a  ->  00  ,  we  shall  let 
0)  ' 
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(50.1) 


00  but  0, 


Just  as  for  02  at  (19).  For  n  >  n^,  than,  we  have 


(51)  ®n  *n  * 

where  the  latter  results  from  the  asymptotic  form  of  In  (46).  For 
these  n^^  we  may  thus  omit  e^  In  (49),  whence  £(n)  depends  on  n 
only  via  k^,  and  we  may  define 

f(n)  =  T(k^). 


For  non-integer  n  we  may  define  T(k^)  by  use  of  the  asymptotic  form 


(51)  for 

Now,  having  T(k^)  an  analytic  function  and 
for  n  >  n^^,  we  may  apply  Eq.  (17)  to  those  n  outside  the  Intervals 
C<^n<^nj^,j  +  l-n2^n^j  -  l  +  n^.  Analogously  to  (20),  we  have 
now 


(52) 


M+1 

Z 

n-o 


(-)"£<■>) 


s,  +  s 

1 


+  -  (l/2)f(N+3/2)  +  0((Tr/a)' 


Z' 'T'  "  (k  )) , 
n 

even 


where 

(53) 


"1 

^  I 

n"0 

even 


£(n)  -  £(n+l)]  +  (1/2)  £  (n^+3/2) 


S.»  defined  as  at  (20.1)  (for  odd  j),  and  z''  denotes  a  sum  over 


the  Intervals  nj^  +  2^n^j-l-n2,  j+l  +  n2i“i***  Again  we 
may  neglect  the  term  •  (l/2)£(N+3/2)  in  the  limit  in  question. 

The  last  term  in  (52)  requires  consideration  with  regard 
to  terms  n  such  that  0*^0^  as  well  as  the  terms  such  that 
n  ^  (k^a/r)  ±  <^2*  contribution  o£  the  latter  terms  depends  on  a 

and  n^  Just  as  previously  determined  at  (20.4).  As  for  the  former 
terms,  we  may  %n:lte  (49)  In  the  form 

(54)  Ky  -  t(k^),  (n>  n^) 

where  the  factor  8/3  Is  Introduced  for  convenience.  Then  t(k^)  at  fixed 
n  (or  at  fixed  n-n^)  approaches  a  nonzero  constant  as  a  00.  Likewise, 
by  differentiation  of  (54)  we  obtain  a  result  of  the  form 


(55) 


T' ' ' (k^) 


k  t 

n 


+  k  u  +  k  V  +  k  . 

n  n  n  n  n  n  n’ 


where  u(k^)],  v^,  and  w^,  like  t^,  approach  constants  at  fixed  n 

as  a  00.  Consider,  for  example,  the  contribution  of  the  first  term  of 
(55)  to  the  residual  sum  In  (52)  with  regard  to  its  dependence  on  a 
and  n^^  as  a  00 : 


(56) 


j-l-n. 


00 


(F/a)^  S  ^  k„‘V2  t(k„)--'  (1/2)  (F/a)^  j  dk^^  t(k„) 

n.ir/a 


n-n,+2 

even 


n' 


M)(|ir/a)^(nj^T/a)  ^/^)'^  0(a  ^^^)» 


Similarly,  the  remaining  terms  In  (55)  are  respectively 
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(57> 


By  comparison  we  shall  see  below  that  the  contribution  Si  defined 
-1/2  ^ 
at  (53)  is  M)(a  '  ) ,  as  was  the  contribution  S_  +  in  (52),  and  is 

independent  of  n^^  in  the  pertinent  limit.  The  terms  in  (57)  are 

thus  of  higher  order  in  a  and  will  be  neglected.  As  n^  ->  oo  ,  in 

accord  with  (50.1),  the  term  (56)  also  vanishes  relative  to 

+  S_  +  [cf.  (20.4)]  and  may  also  be  neglected. 

To  evaluate  write  (49)  as 


f(n)  -  a 


•1/2 

V“ 


k'  -  (V*)' 


(ex) 
'  n  n' 


1/2 


f 


with  -  (x^a)*.  In  the  limit,  in  view  of  (50.1)  we  have,  in 

the  pertinent  range  n  ^  n^  -I-  1, 

f(ii)  *  (l/2)R^  . 

Hence  by  (53) 


(58)  (1/2)R^,  g(k^,y)k'^G  a'^^^  . 

where  the  constant  G  is  defined  by 
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(59) 


G  ■■  Iltn 


(ex) 
'  n  n' 


V2  . 


”  lim  (  2^  [  ' 

V®^iv8n 


1  +  <^/«  <  vv2 


RepreeeatlQg  (49)  as 


(60) 


f(n)  -  h(k^)  g0t2„.y) 


in  analogy  with  (21),  we  have  also  from  (25)  and  (27) 

(61)  Sz  S.  +  -*>V2“h(k^)(a^Sk2)j^  k^^/^(T/a)^/^  (M(b)  -  iM(l-b)] 


with 


hCk^) 


OD 


(0 


(62) 


-  -  i(l/2)y. 


Eqs .  (48) ,  (52)  then  yield 


F(y)  ■*  {  (V’2)Ro''’^® 

(63)  ^ 

+  (2t)*’/*  h(kJ(a8/8k2)olM(b)  -  ttl(l-b)|, 

with  h(k^)  and  (8g/8k2)Q  as  given  in  (62)  and 

g(k^,y)  (1/2)  exp(ik^lyl). 

A2- 


slnctt,  In  the  Unit  ka  oo , 


(64)  J^(k*)  -*>  (2/Tka)^/^  cos(ka  -  3tA)« 

The  envelope  o£  the.  Uniting  £orn  (63)  for  F(y)  varies  as  Just 

as  in  the  cases  of  rectangular  geometry  in  Sec.  2. 

A  nusterical  evaluation  of  the  constant  G  of  Eq.  (59),  how- 

4r 

ever ,  indicates  that 

(65)  G  -  0  . 

This  result  could  presumably  be  established  exactly 
analytically.  Thus,  according  to  the  result  expressed  in  (63)  with 
G  ■  O,for  cylindrical  geometry  in  the  limit  considered,  the  principal 
contribution  to  the  (average)  pressure  near  the  axis  of  the  cylinder 
at  distance  |  y  |  from  the  source  plane  derives  exclusively  from  modes 
with  •  k^,  just  as  in  the  case  of  rectangular  geometry. 

3.2  Free  walls 

In  this  case  the  eigenvalues  are  specified  by 

(66)  J^(x^)-0  (n;^0). 


Eq.  (45)  then  yields 


From  the  computation  it  is  directly  inferred  that  G  <  10 


v-5 
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1  /<»  X  J  (ka) 

C  .  -  - jy 


-  2t(-)"  J^(ka) 


where  e  Is  now  defined  by 
n 


whence  again 


Eq.  (44)  thus  becomes 


Jl(x„)  -  (-)"(2Ae„a„)l/2^ 


e  ■♦I  as  n  00 . 
n 


(68)  F(y)  -  -  (2w)^/\a*^/^  R  J  (ka)  z  (-)"£(n), 

^  ®  ®  n-o 

where 

J,  (k  R  )  e  ^/^k 

(68.1)  f(Q)  -  ■  ^  !■ '*■  y  -S - - g(k_,y). 

n  k  -  k 

n 


We  may  proceed  as  previously  for  rigid  walls  through 
Eq.  (32) «  In  place  of  (54),  however,  we  have  a  sumnand  of  the  form 

T(k„)  -  (8/3)  t(k^).  (o  >  o^) 

Hence  the  terms  corresponding  to  those  of  (36)  and  (57)  are  each  of  the 
order  of  the  respective  previous  one  multiplied  by  n^^/a.  As  for  Sj^,  we 
write  (68.1)  as 


A2-30. 


with  k,  ^  -  k  ^ 
2n  CD 

have 


-  (x^a)^.  In  Che  lliaic‘,  in  the  range  n  ^  n^^  +  1  we 


£(n)  (1/2)R^  8(k„.y)k‘^ 

ifhence 

-  (V2)*o 

where  the  constant  F  is  defined  by 

F  .  Urn  [  ^  '  +  (x^^Vz)  ("i  +  9/4)^^ 

“l'*® 


On  Che  ocher  hand, 


(69)  S  -.VT h(k^)(ds/dk2)^  [M(b)  -  iM(l-b)] 


with 


J,  (k  R^)  k 
h(k  )  -  -i-JSLS - S. 

03  k 


3/2 


(70) 


1,2  ^  2  * 
(u  k  -  k 

CD 


(^g/^k2)^  -  -  i(l/2)y. 

-1/2 

Hence,  whereas  S  is  ^0(a  ^  )  as  in  the  case  of  the  rigid  wall, 

is  and  Che  leading  residual  term  (corresponding  to  (56)) 

is  '^0(a’^'^^  nj^  Therefore,  in  this  case  the  leading  term  is  due 
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only  to  S.  Eqs.  (68)  and  (69)  thus  ylald 

(71) 

since  JQ(ka)  -»  (2/rka)^'^  C08(ke  -  t/4),  with  h(k  )  end  (dg/dk2)^ 
as  given  by  (7C). 

4.  Generalization  to  certain  Interposed  donaes 

With  a  view  to  sonar  domes,  we  may  Imagine  that  a  thin  planar 
dynamic  element,  l.e.  a  plate  or  membrane  of  negligible  thickness.  Is 
present  at  y  *  0  -,  Just  beneath  the  source  plane.  We  also 
generalize  to  the  case  where  the  lower  fluid  does  not 
extend  to  y  ■  -  oo,  but  Is  terminated  at  a  plane  y  <■  >  L  on  which  an 
Impedance  condition  Is  given.  In  addition,  since  little  complication 
results,  we  permit  the  fluids  on  the  two  sides  of  this  dynamic  sheet  to 
have  different  densities  and  sound  velocities,  namely  p***,  for  y  >  0 
and  p'  c  for  y  <  0. 

Now  for  certain  boundary  conditions  at  the  periphery  of  the 
dynamic  sheet,  related  to  the  Impedance  conditions  given  at  the  lateral 
walls  of  the  fluids,  the  set  of  modal  functions  for  the  sheet  and  the  sets 
of  planar  modal  functions  for  both  fluids  will  all  coincide.  (This  point 
will  be  discussed  more  explicitly  in  another  report) .  xn  such  case  the 
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^  • 


.  -i 


pc«rlous  «tk  CM.  b.  tiiviaiy  geocrai-d  to  tret  the  n«  pioblen. 

Let  thee  ■odri  function*  nnd  »«•  nu*nt.  »g«ln  be  denoted 

*‘n’  "*"*•  "•  *'*•  *******y 

d^flnltenee*.  An  eowtlc  Inpedence  e»  be  defied  for  tta  eheet  In 

each  node, 

Analogously  to  (3),  ue  expand 

(72)  F(*»y)  •  ^  ®n  8<^2n*^^  X  ^  0, 

n«o 

reepectlvely.  whet,  the  ♦„(»)  «re  orthonorel  «.d  e.tl.fy  (4).  -nd 
g(k,„.y)  i»  gi»«“  by 


g(k"o.y) 


exp(lkt„y)  ,  yi.0 


oM[k2o(y*b)+  “] 

■  '“Kn*-  “1 


y  <  0 


4  -  (y~  •  ‘'a>  ■ 

2n  '  (D  n  ® 


where  o  is  related  to  the  Impedance  at  y  -  -  L,  say  z^,  by 

tan  a  -  icflp  A2n*L  * 

and  the  function  g  U  Mrbitrarlly  notellted  to  gCkj^.O)  -  1.  For 
k  such  that  kj^*  <  0.  It  Is  convenient  to  rewrite  (73)  as 
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i  I 
1  i 


+  ± 
g(kr  ,y)  ^  g(iK2n*y^  " 


(73.1) 


exp(-  K^j^y) 

ch[K;„(3H<.)  -f  gj 
ch[K-„L  +  i  ] 


,  y  i  0 


,  y  <  0 


+  9—2 

k”  ■  (k  “  k  ) 

*^211  '  n  CO 


th  a  -  -  iqp  A2n*L 


(a  -  -  ia) 


The  acoustic  velocity 
in  mode  n  has  a  y  component 


ic  velocity  field  corresponding  to  the  pressure  (72) 


“  (ip"“)  ^  ^g(k2n»y)Ay 


Boundary  condition  (1)  is  now  replaced  by 


p(x,CH)  +P(x)  +  I  V2n^*’°^  “  P(x.O-). 


Likewise,  (2)  is  replaced  by 


p‘(Sp/Sy)y^  -  p‘^(6p/6y)y.O- 


I  •-  whence,  by  substitution  of  (72) , 


[^8(k2n*y)Ayly-o  “  ®n 
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We  expand 


00 

(77)  P(x)  -  I  c  ^(x). 

n-o  I 

t 

! 

i 

Substituting  (72)  and  (77)  into  (74)  and  using  (76),  one  obtains  j 


(78)  c;  .  [l  -  i  tane^  [  (kj^  p")  +  ’a.)  , 


where  0^  ■  ^2n^  ^  ^  similar  result  can  be  given  for  ,  By  (77) 

the  present  is  the  same  that  of  Eq.  (3)  and  is  again  given  by  (5). 


The  limiting  processes  of  Sec.  2  can  be  carried  through  once 


more  mutatis  mutandis,  as  will  be  shown.  In  (3),  for  example,  c  is 

.  i 

replaced  by  c^  and  +(1/2)  exp(ik2^(y|)  by  g(k2jj,y)a  Similarly,  the 
result  for  a  oo  at  fixed  y  now  becomes 


+ 

PQQ(x,y)  -  P(x)  g(iK2,y) 

with  K2  “  (k^  -  k^  2^1/2  special  cases  (13.1)  and  (34) j.  With  regard 

to  the  second  type  of  limit,  however,  where  |  y  |  -►  00  while  y/a  0,  if 

k^  /  k^  ,  one  must  consider  separately  the  groups  of  terms  with 

k  ^  k  and  k  k  ,  since  k  and  k  are  then  distinct  branch  points, 
n  0)  n  u>  u)  CD 

We  assume  rather  once  more  that  c^  *  c',  whence  k*^  >  k  ,  and  also  that 

(D  CD 

p***  -  p'  .  The  index  +  will  be  dropped  from  these  quantities.  In  this 
case  the  product  c“  8(k2j^,y)  in  (72)  for  y  <  0  may  be  written  by  (73) 
and  (78)  as 
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C08(k2  y  +  ®  ) 

(79)  cosO^  -  1  sind^j  [1  +  ^*n^2r/P®^] 

=  'n  • 

In  which  the  new  function  g  thus  depends  on  k2^  in  part  via 
and  on  via  z_.  All  the  work  of  Sec.  2  and  3  is  once  again 
applicable,  the  only  required  change  being  that  the  foraer  S(1^2n*^^ 
replaced  by  the  present  S(^n*^2n*^^*  particular,  with  this  change 
the  results  (28),  (35),  (38),  (39),  (63),  and  (71)  still  hold,  [in  (63), 
for  exa]q>le,  (dg/dk2)Q  becotaes  (dg(k^,k2,y)/dk2)j^  since  the  arguments 

'‘n*‘‘2n  *  “*  related  by  -  k^^.] 

Where,  as  here,  a  sheet  of  impedance  is  interposed,  there 
is  generally  some  resonant  wave  nijmber  for  each  frequency  OJ.  7^ 
includes  some  damping,  the  previous  work  is  applicable  in  the  extreme 

limit  in  question.  If  the  dancing  vanishes,  the  contribution  from 
modes  having  k^  “  separately  considered  even  in  the  limit. 


5.  Approach  to  the  limiting  solution  as  the  lateral  dimension 
a  increases  at  fixed  depth  t  y I 


It  may  be  suggested  that  the  asymptotic  solution  found  for 

the  limit  as  a  00  and  |  y  |  -»  oo  with  y/a  ■*  0  represents  also  the 
correction  to  lowest  order  in  a*^  of  the  asymptotic  solution  applicable 
in  the  limit  where  y  remains  fixed  as  a  oo  ,  i.e.,  in  the  case  of 
circular  geometry,  that  the  term  (63)  or  (71)  may  be  added  to  the  term 
(50)  to  give  the  solution  to  the  lowest  two  orders  in  a  namely 

to  orders  a°  and  as  a  ->  oo  at  fixed  y.  That  this  result 

probably  does  not  hold,  however,  can  be  seen  by  proceeding  with  the 

full  sum  on  n  for  p(x,y)  as  given  at  (11),  as  we  did  previously  with 

t.he  truncated  sum  at  (16).  For  definiteness,  we  consider  the  case 
of  rectangular 
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gtOMtry,  rigid  walls,  and  axclcatlon  P^cos  kx,  but  the  same  procedure 
applies  directly  In  the  other  cases. 

A  corrected  version  o£  Bq.  (20)  again  holds  when  N  ■  oo , 
provided  we  sum  explicitly  over  an  Interval  n^s-n^  +  l  to  n'-s+n^ 
which  Includes  the  additional  point  ”  h  at  which  £(n)  Is  not 
analytic,  «rhere  s  Is  the  Integer  de£lned  by 


k,  S  k  <  k,^^ 


and  we  let  n^  oo  as  a  oo  but  as  usual  with  n^ka  0.  The  form 
o£  Eq,  (20),  thus  modified,  merely  has  added  to  the  right  side  the  quantity 
S^,  where 


s-l+n 

(80)  -  I  ” 

n-s-n +1 
0 

even 


[£(n)  .  £(n+l)).  (l/2)£(.  +  i  -  n^)+(l/2)£(.  +  7  +  n^) 


and  we  assume  s  to  be  odd  for  definiteness  and  choose  n^  to  be  even. 

To  form  p(x,y)  In  (11),  however,  the  sum  (20)  Is  multiplied  by  a'^slnka 
(among  other  factors) ,  and  It  Is  convenient  to  consider  together  with 
this  factor  and  write 


1  n  •! 

(81)  U.  ;  a*^  slnka  S.  •  I  (-)"  f(n)  ‘a*  slnka 

^  ^  n-s-n +1 

o 

+  .Ink.  [-(l/2)£(.  i  -  n^)+(l/2)£(.  +  |  +  n^)j 


Inserting  (12),  replacing  +  (1/2)  exp(lk2Jy|)  by 
g(kn,k2n>y)  generality  In  accord  with  Sec.  4,  and  noting  that 
(-)"  slnka  -  sln(ka  -  nv) ,  we  may  rewrite  the  summation  term  In  (81)  as 
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I 


m 


U'  z  Z  °  (-)"  £(n)  •  slnkA 

n«8”n  +1 
o 


aln(ka-nir 
.  ka  -  wr 


coak  X 
k  k 

II 


whsze  the  llmlta  on  the  aim  remain  the  aame.  Aa  a  0 

k  In  the  aim  contracta  to  zero  relative  to  k^  or  k 
n  n 

n^ka  •♦0.  In  (82)  let 

coak  X 

(83)  H(k„)  ;  kj^.y). 

n 

Since 


(83.1) 


OB 

Z  ain(ka»nir)  ^ 
n— 00  ka  -  mr 


the  aum  (82)  can  be  revncltten  aa 


(84) 


«  H(k) 


/  ®"”o 

H(k)  Z 
\ n*-oo 


oo 

+  Z 

n-a+n  +1 
o 


ainCka-nr! 
ka  -  mr 


n-a-a  +1 
o 

When  a  -►  00  and  a  witn  n^a  •*  0  and  fixed  y, 

in  (84)  but  the  firat  vaniah,  yielding  by  (11)  and  (83) 
riate  result  for  this  limit: 


the  range  of 
itaelf,  aince 


all  of  the  term; 
the  approp- 
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P(Xfy)  •*’  “  P©®®*  ^ 


We  with  to  consider  the  correction  to  this  revsult  to  next  higher 
order  in  e*^,  so  far  as  contributed  by  the  subject  interval  near  >  k« 
This  correction  is  due  to  the  remaining  terms  of  in  (84),  to  the 
second  part  of  the  right  mesber  of  (81),  and  to  the  residual  terms  in 
Eq.  (20)  that  derive  from  values  n  just  outside  the  interval 
s  •nQ  +  l^oi*+o^  which  is  summed  over  explicitly.  We  find  readily 
(noting  (ka*m'-)*^'^  contribution  of  the  second  group  of 

terms  in  (84)  is  of  the  order  of  e®n^*^  relative  to  the  zero-order 
contribution  from  the  first  term.  The  contribution  of  the  last  group 
in  (84)  we  find  to  be  of  the  higher  order  pertinent  residual 

terms  of  (20)  (related  to  the  third  derivative  of  (ka-mr)  ^  >^(k-k^)a|  ^ 
with  respect  to  k^)  yield  a  contribution  of  the  order  given  by 

00 

(v/a)^  a"^(VV)  j  ‘ 

k-Ki  r/a 
o 

Also,  the  latter  set  of  terms  in  (81)  immediately  yield  a  contribution 
of  the  order  a®n^*^.  This  contribution  is  found,  however,  to  cancel 
that  of  the  second  group  in  (84)  in  this  order.  All  remaining  contributions 
are  then  at  most  of  one  of  the  following  orders: 


(85) 
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Unless  Che  terms  of  one  or  the  other  of  these  orders  cencel,  the  highest 

order  in  a  ^  achievable  for  the  lowest-order  one  of  the  pair  (85)  by 

choosing  6,  where  n^  oca^,  is  obtained  for  6  ■  1/2  and  is  of  the  order 
"3/2 

a  *  .  This (however ,  is  the  same  order  as  the  asymptotic  forms  obtained 
in  the  previous  sections  for  the  case  j  y  |  oo  ^e.g.  (63)  or  (71)]. 

Though  cancellation  of  the  leading-order  terms  considered  above  has  not 
been  excluded,  it  appears  unlikely.If  there  is  no  such  cancellation,  we 
thus  see  that  such  results  as  (63)  and  (71),  though  representing  the 
leading  terms  as  a  oo  when  |  y  |  -*^00,  represent  only  part  of  the 
correction  Co  next -to-leading  order  in  a*^  In  the  limit  when  y  remains 
fixed. 

6 .  Use  of  limiting  forms  or  simplified  sums  as  approximations 

The  approach  in  this  appendix  has  been  to  consider  results  that 
hold  rlgorotisly  in  a  certain  limit  without  detailed  regard  to  how  this 
limit  is  approached  or  whether  it  is  approached  sufficiently  that  the 
limiting  form  constitutes  a  useful  approximation  in  applications  of 
concern.  These  questions  are  considered  in  the  text.  Some  of  the 
intermediate  work  is  useful  for  approximation  under  conditions  where 
limiting  expressions  are  not.  In  particular,  we  can  make  the  expansion 
(20)  and  may  drop  the  residual  terms  without,  however,  passing  to 
the  limit  a  ->  oo  ,  n2  ->  oo  in  (20.1)  and  without,  therefore,  using 
the  limiting  forms  (24).  In  this  way  we  merely  use  (20)  to  sum 
out  the  intervals  where  f(n)  changes  slowly  and  which  therefore 
contribute  little  to  the  sum,  leaving  explicit  sums  over  intervals  where 
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the  contribution  is  large.  A  similar  procedure  was  applied  in 
(52)  and  (53),  and  for  isolating  and  summing  explicitly  over  the 
interval  near  resonance  in  the  more  general  case  of  Sec.  4.  The 
point  here  is  just  that  the  intervals  that  tend  to  contribute  mos 
to  the  sum  (20)  are  those  where  the  third  derivative  of  f(n)  with 
respect  to  is  large  or  where  f(n)  is  not  an  analytic  function 
of  at  all.  Such  approximations  are  expounded  in  the 


text. 
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RADIATFD  POWER 


We  conslaer  the  power  radiated  by  the  dome  or  plate  In 
the  model  considered  in  the  test.  First,  for  the  laterally  in¬ 
finite  case,  the  frequency  spectrum  of  the  time-average  radiated 
power  per  unit  area  is  given  by 


W  (o)) 
00  '  ' 


/dkklQ(k,co) 
0  ^ 


(k,a)) 


A(k,a)) 


(1) 


where  A,  one  half  the  real  part  of  the  reciprocal  outside  radia 
tion  in^edance,  is  simply 

r 

k2/2p'*’a) 

(we  recall  k^  =  [(oo/c  )^-k 

For  the  finite  circular  cylindrical  dome  or  plate  of 
radius  a,  the  spectrum  of  the  total  time-average  radiated  power 
is  given  by 


if  k  <  oo/c'*’ 
if  k  >  oo/c'*’ 


W(co)  =  2  g  A(k^,a)) 


(2) 


where  A(k,oo)  represents  the  same  function  as  above  and  the  sums  run 

over  all  modes  m,  n^c^^^fk")  V7as  given  at  Eq .  (2-11).  It  is  seen 

that  the  sums  can  be  limited  to  propagated  modes,  i.e.,  to  m,  n 

such  that  k_„,  <  oo/c'*’.  Each  such  mode,  however,  is  excited  even 
mn  ' 

by  driving  components  with  k»  w/c"^. 

Expression  (2)  could  be  simplified  on  assumption  of 
large  a  in  a  manner  similar  to  that  employed  in  Part  2  of  the  text, 
with  a  contribution  given  approximately  by  W^^  of  Eq.  (1)  above  and 
a  further  a-dependent  contribution  deriving  from  low  k^. 
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The  radi&ted  power  is  more  often  of  interest  for  a 
rectangular  rather  than  a  circular  plate.  The  present  model 
could  be  altered  accordingly  and  corresponding  results  obtained. 
The  power  radint^d  by  rectangular  plates  has  been  considered 
previously  by  Kraichnan  (Ref.  4),  among  others.  His  assumption 
of  no  correlation  among  contributions  from  different  orthogonal 
modes  is  exactly  true  in  the  present  model,  as  seen  from  Eq.  (2), 
having  resulted  here  from  the  assumption  of  certain  conjugate 
boundary  conditions  on  an  imagined  cylindrical  projection  of  the 
plate  boundary  normally  into  the  outer  fluid. 


Kraichnan  computes  results  for  an  explicit  driving  turbulent 
pressure  spectrum  PqCRjO))  obtained  from  a  crude  model. 
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APPJ^DIX  4 


CONJUGATE  BOUNDARY  CONDITIONS  FOR  EXTENDED-WALL  DOME  MODEL 


We  consider  here  the  sinqjlified  dome  model  introduced 
in  the  text,  where  the  cylindrical  lateral  wall  of  the  dome  is 
imagined,  so  far  as  the  acoustic  fields  are  concerned,  to  be  ex¬ 
tended  infinitely  outward  into  the  outer  fluid  v;ith  the  same  bound¬ 
ary  condition  applied  (see  Fig.  A2*l). 

Suppose  first  that  the  dome  cover  is  a  membrane,  not  a 
plate.  Suppressing  time  dependence  and  following  the  notation  of 
App.  1,  we  may  expand  the  cover  displacement  and  acoustic  potentials 
as 


i,(K)  = 

(#+(?)  =  (27r)-l/25g0;^N^j^(k__^R)ei"eexp(ik+^y). 


(1) 

(2) 


0"(r)  =  (2jr) 


I/O  cos  [kl  (y+L)-i-a^] 

*  1- /  2 XT  T /It  n\ Zuin  inn 


where  r.  and  are  expansion  coefficients,  N°  and  N _  are 

mil  *  '  iTiTi  nrri 


(3) 


ran 


mn 


mn 


Known 


normalizing  coefficients  for  the  J  ,  and 
°  m' 


-  k' 


ran 


‘'mn  <  ■ 


tan 


the  eigenvalues  k  ere  to  be  fixed  by  the  boundary  conditions 
on  the  acoustic  fields  in  the  fluids  at  the  lateral  wall  (R=a)  and 
the  eigenvalues  k^  by  those  on  the  membrane  at  its  periphery  (R=a) . 

If  the  boundary  conditions  on  the  membrane  are  so  related 

to  those  on  the  fluids  that  k°  =  k _ ,  the  eigenfunctions  in  the 

expansions  (1)  and  (2) -(3)  for  the  membrane  and  fluids  are  the  same, 

and  the  equations  that  determine  the  coefficients  n _  and  0^, 

^  ‘ran  ^  mn  ’ 

namely  Eqs.  (2),  (5),  and  (6)  of  App.  1,  relate  ^nd  0jjj^  inde¬ 
pendently  for  each  m  and  n.  For  each  mode  m,n,  the  relations  and 
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response  coefficients  of  App.  1  are  again  obtained,  with  k  = 
and  the  previous  quantities  indexed  by  m,n  as  required. 

In  particular,  for  a  rigid  wa?.l  on  the  fluid,  the  k^^^^ 
are  fixed  by 


J'(k  a)  =  0. 
m'  mn  ' 

The  conjugate  condition  on  the  membrane  must  likewise  yield 

J’(k°  a)  =  0, 
m  mn  '  ’ 

and  by  Eq.  (1)  this  condition  is  seen  to  be  that 

=  0  at  R=a. 


(4) 


(5) 


This  condition  of  a  vanishing  normal  derivative  of  displacement 
of  the  membrane  at  its  periphery  corresponds  to  a  vanishing  force 
in  the  q  direction,  i.e.,  a  freely  sliding  attachment,  as  in  slots 
perpendicular  to  the  equilibrium  plane.  Similarly,  for  a  pressure- 
release  fluid  wall,  such  that 


J_(k  a)  =  0, 
m  mn  ' 


the  condition  on  the  membrane  yielding  k 


ran 


k  is 
mn 


q(a)  =  0. 


(6) 

(7) 


This  corresponds  to  an  immovable  attachment  of  the  membrane  at  its 
periphery. 

Now  suppose  the  dome  cover  is  a  thin  plate  rather  than  a 
membrane.  In  this  case  Eq.  (1)  does  not  represent  the  most  general 
expansion  for  arbitrary  boundary  conditions.  In  general,  apart 
from  the  another  type  of  Bessel  function  must  be  included,  the 
expansion  being  one  in  eigenfunctions  of  the  fourth-order  equation 
[V^-(k°  )^] [V^+(k°  )^]q=0  rather  than  the  second-order  equation 
[V^+(k^)  ]q=0.  W'a  may,  nevertheless,  achieve  the  simplifying 
identity  of  the  plate  and  fluid  eigenfunctions,  as  before,  by  pre¬ 
scribing  boundary  conditions  on  the  periphery  of  the  plate  such  that 


even  the  generalized  expansion  (1)  reduces,  In  fact,  to  the  given 
form  of  (1)  containing  only  the  functions  and  such  that  we  again 
have  In  particular,  for  a  rigid  wall  on  the  fluid,  so 

that  Eq.  (4)  applies,  we  again  require  Eq.  (5)  to  apply.  We  confine 
attention  to  the  modes  with  m=0,  which  are  the  only  ones  that  con¬ 
tribute  to  averages  over  a  circular  area  concentric  with  the  cylindri¬ 
cal  fluid,  dealt  with  In  the  text.  For  these  modes,  with  the  con¬ 
straint  that  the  radial  functions  Include  only  the  oscillatory  type 
of  Eq.  (1),  the  vanishing  slope,  [Eq.  (5)]  Implies 
that  the  force  on  the  plate  (In  the  q  direction)  vanishes.  The 
boundary  condition  on  the  plate  thus  corresponds  to  a  freely  slid¬ 
ing  clamp,  which  fixes  the  slope  at  the  periphery  but  offers  no 
resistance  to  displacement  normal  to  the  plate.  For  a  pressure- 
release  wall  on  the  fluid,  on  the  other  hand,  so  that  Eq.  (6)  applies, 
we  again  require  Eq.  (7).  For  the  m=0  modes,  the  vanishing  displace¬ 
ment,  Eq.  (7) ,  and  the  previous  limitation  of  the  radial  functions 
to  Jjjj,  may  be  shown  to  Imply  a  moment  at  the  plate  periphery  which 
vanishes  In  the  limit  of  large  plate  radius  (k^a  »)  .  The  bound¬ 
ary  condition  on  the  plate  In  this  Instance  thus  corresponds  to  a 
hinged  periphery,  which  fixes  the  displacement  but  offers  no  resls- 
tance  to  rotation. 

In  the  text  and  App.  1,  hysteretlc  and  viscous  daoqjlng 
are  attributed  to  the  dome  material.  In  practice,  depending  on  what 
the  dome  material  or  construction  Is,  the  main  damping  may  occur 
rather  at  the  joinings  with  the  supporting  structure,  l.e. ,  In  the 
present  model,  at  the  periphery  of  the  dome  cover.  Such  an  effect 
can  be  Incorporated  In  the  model  by  assumption  of  a  resistive 
boundary  condition  on  the  plate  (or  membrane)  displacement  r)(^  .  In 
the  case  of  the  membrane,  for  example,  the  force  per  unit  lengm  In 
the  normal  (q)  direction  exerted  by  the  membrane  on  its  periphery 
at  R=a  is  given  in  the  usual  notation  (e.g. ,  see  App.  1)  by-T(l-iO 
and  the  velocity  there  by  -icoq.  If  the  ratio  of  these 
two  quantities,  the  mechanical  Impedance  per  unit  length  of  boundary, 
is  the  same  for  each  mode,  say 


r  +  IX  , 
P  P 


(8) 


That  the  condition  corresponds  to  a  hinge  only  In  the  limit  of  large 
radius  accords  with  the  fact  that  free  motion  on  hinges  Is  possible 
only  for  a  straight-line  boundary. 
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(9) 


from  Eq.  (1)  we  obtain 


J'  (k°  a) 
m^  mn  ^ 

m  mn  ' 


Previously  we  considered  explicitly  only  the  cases  J^(k^a)  =  0 
or  J^^^(k^a)s6 corresponding  respectively  to  vanishing  or  infinite 
impedance  .  In  an  inte^'mediate  case  where  the  ratio  (9)  is 
finite,  a  resistive  component  of  force,  ie. ,  damping  in  the  bound¬ 
ary  attachment,  is  present  if  r^  ^  0.  In  order  to  achieve  Identity 
between  dome-cover  and  fluid  eigenvalues  and  eigenfunctions,  as 
before,  we  must  attribute  to  the  fluid  walls  a  certain  danq>ing  re¬ 
lated  to  that  at  the  dome-cover  periphery. 

The  eigenvalues  k^  from  (9)  will  be  complex  unless  it 
happens  that  *^p/*p  “  C-  With  boundary  damping  inserted,  then,  we 
have,  in  general,  coop  lex  k^.  The  imaginary  part  of 
contributes  an  additional  Imaginary  (damping)  term  in  the  denominator 
of  the  acoustic  response  coefficients  r(k^,ai,y)  used  in  the  text 
(see  also  App.  1).  Correspondingly,  in  the  consideration  of  resonances 
an  additional  contribution  will  be  present  in  the  wavenumber  half 
width  6k  and  similarly  in  the  frequency  half  width  5oo  (see  Part  I)  . 

It  would  be  needlessly  detailed  to  consider  these  expressions  ex¬ 
plicitly.  It  is  worthwhile,  however,  to  recognize  that  boundary 
damping  would  appear  in  a  way  similar  to  other  types  of  damping 
explicitly  treated  in  the  text,  so  that  the  more  general  dis¬ 
cussions  of  resonances  and  their  role  in  determining  average  pres¬ 
sure  spectra  may  be  regarded  as  applicable  whatever  the  main 
sources  of  mechanical  damping. 


APPENDIX  5 


AVERAGE-PRESSURE  SPECTRA  ON  A  CIRCULAR  AREA  FOR 
CERTAIN  WAVE-NUMBER-FREQUENCY  SPECTRA 


A.5J.  Area  Dependence  vs  Spectrum  at  Low  Wave  Numbers 

We  point  out  first  the  dependence  on  the  radius 
R^  of  the  averaging  area  that  results  from  a  saicple  vavenumber 
frequency  spectrum  of  pressure  I^(k,w)  In  a  turbulent  boundary 
layer.  I^  Is  defined  to  Include  an  Integral  over  direction  9  of 
the  surface  wave  vector  Ic:  =  /d0P^(R,0).  Let  the  dependence 

of  I^Ck)  at  low  k  correspond  to  a  constant  value  up  to  k=k^,  fol¬ 
lowed  by  a  power- law  rise  to  ks=k^,  followed  by  arbitrary  dependence 
(see  Flg.A-5-1). 


for  0  <  k  < 

lo(lt)  -  k^  <  k  <  kj 


for  kj^  <  k 


where  the  frequency  dependence  of  I^  and  are  suppressed.  Here 
B^  Is  Independent  of  k;  If  the  assumed  form  (1)  Is  required  to 
yield  a  fixed  value,  Independent  of  n,  for  the  spectrum  deriving  from 
k  <  kj^;  l.e.,  for  P.(co)  =  dkkI^(k,(Jo)  ,  then  B^^  Is  given  by 


=  (n+2)kj'^fl+n(k^/k^)"'^^J'  P.. 

The  spectrum  of  average  pressure  Is  given  as  usual  by 

00 

Qo(<0)  '  Jdkk[2Jj(kR^)/kRj,)\(k,cj)). 


Eq.  (1)  yields 


NT 


Figure  A5-1.  Hypothetical  wavenumber  spectrum  of  boundary- 

layer  pressure  fluctuations  at  low  wave  number. 
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Inhere 


Q.  - 


KK 

[CO  A  o 

(kc/ki)”  J  dxx'^J^^x)  +  (W^J  dxx^'\^(x)  ,  (4) 

o 


40 

=  J  dkk(2Jj(kR^)/kR^l^I^(k). 


We  consider  such  that  kj^R^  »  ir.  Then,  as  at  Eq.(2-65b)P4.  Rq  » 
and.  assuming  that  I^Ck)  changes  relatively  little  over  an  Interval 
ttR’^,  we  have 


OD 

“  (U/w)r'^  J  dUk-\(k). 

We  consider  R^  such  that,  however,  k  R  <  1.  Eq.(4)  then  rapidly 

O  CO 

reduces  to 

Q.  ^  4R;2(k^R_^)  ■"F„(k^R^)| , 


(5.1) 


where 


Fn(z)  *  J  dxx^"^Jj^^(x). 


For  the  assumed  large  kj^R^,  we  have  asymptotically 


for  0  <  n  <  1 


'*Wo)  *«"•! 

for  1  <  n. 


where  h^,  and  are  numbers  depending  only  on  n. 
kj^R^  »  TT,  we  may  thus  write  (6)  as 


Q.  “'B„<[n/(n+2)lk/(k^/k 


i)"  +  q„(ki.Ro^ 
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V 


with 


f  for  0  <  n  <  1 

forn  =  1 
for  1  <  n 


(8) 


The  first  term  In  the  partial  average -pres sure  spectrum 

(7)  is  Independent  of  (on  account  of  the  assuiiq>tlon  R^  ^  . 

If  IqCR)  in  the  assumed  intermediate,  power-law  range  <  k  <  kj^ 

increases  more  rapidly  than  as  k,  the  second  term  in  (7),  accord- 

-3 

ing  to  (8),  depends  on  R^  as  R^  ,  just  as  the  high-k  contribution 
of  (5.1).  If  increases  less  rapidly  than  as  k,  i.e,  ,  as  k’^ 
with  n  <  1,  the  second  term  depends  on  rather  as  Hence 

we  see  that  an  observed  dependence  of  Qq(u5)  ss  with  m  ^  2  implies 
a  rather  rigid  restriction  on  the  rate  of  increase  of  lQ(k)  in  the 
range  where  kR^  is  not  very  large.  There  is,  of  course,  a  substan¬ 
tial  uncertainty  in  the  experimentally  observed  area  dependence,  on 
account  of  the  measurement  uncertainty,  the  limited  number  of  areas 
used  and  the  variability  of  extraneous  factors. 

The  actual  dependence  of  I^(k,(jo)  at  low  k  is  naturally 

less  siciq>le  than  that  of  (1)  •  In  particular,  when  compressibility 

is  considered  there  is  reason  to  expect  peculiarity  in  the  behavior 

of  I  where  k  ^  co/c,  i.e.  ,  near  the  wave  number  of  sound  at  the 

given  frequency.  This  range  of  k,  like  the  initial  range  in  (1), 

yields  a  contribution  to  that  is  independent  of  R^  for  R^  ^  c/od. 

Theoretically,  in  a  somewhat  higher  range,  where  k  >  oo/c,  it  appears 

that  I  (k)  should  increase  as  Vr  (e.g.,  see  Ref. 14),  if  so,  this 
o  -3 

range  would  contribute  to  QQ(oi^)  a  term  varying  as  R^  according  to 

the  third  form  of  (8).  It  is  suggested,  therefore,  that  average- 

pressure  spectra  in  some  area  range  with  U^^/cd  «  R^  ^  c/cd  may  have 

an  area  dependence  more  as 

j - 

In  particular,  the  view  that  the  turbulent  velocity  field,  which 
plays  the  role  of  a  source  in  the  equation  for  pressure  fluctuation, 
may  be  regarded  as  unaffected  by  compressibility  even  if  the  latter 
is  otherwise  incorporated  in  that  equation,  i.e. ,  the  view  that  the 
turbulence  drives  the  sound  field  without  being  appreciably  affected 
by  it,  appears  to  fail  where  wave-numbers  k  ^  co/c  are  in  question* 

Inhomogeneity  in  the  direction  of  flow,  however,  represents  another 
complicating  effect  of  presently  unknown  consequence. 


A5-3. 


B  +  CRq"^  (9) 

.2 

than  as  .  Further  consldertitlon  of  the  available  measurements 
o 

with  this  point  in  mind  might  Tse  useful. 


A.5.2  Results  For  Certain  Wavenumber -Frequency  Spectra 

Let  W^(7,t)  denote  the  8pace>tlme  correlation  function  of 
pressure  for  separation  vector  X  in  the  boundary  plane  and  time  delay 
T.  Then  the  spectral  density  is 


where 

o 


is  so  normalized  that  the  mean  squared  pressure  is 


00 

<pS  =  j  da)|ci^kP^(R,a))  . 

O 


(10) 


(11) 


We  consider  first  the  form  sometimes  used  in  previous 
work  on  boundary  vibration: 


Wo(T,t)  =  <p^>exp 


[«i- 


vt)^  +  <3^ 


ll/2 


(12) 


Here  v  represents  a  mean  convection  velocity,  a  correlation 
distance  corresponding  to  a  fixed  time,  and  e  a  decay  time  such 
that  the  correlation  corresponding  to  a  point  fixed  in  the  convected 
frame  decreases  by  a  factor  e.  By  a  gross  fit  to  the  measured 
W^(T»t),  Ref.  2  specifies  the  parameters  as 


a  26*^, 


0  ^  306*/U  ,  v  ^  0.8U 


(13) 


From  (10)  we  find 


0' 


?o(^»‘ij)  =  ^(2t7^)  <p  >  — y  °2  3/2  - 2 — ^ 

°  (k^+a^)^'^  (a)-vkj^)^+0  ^ 

Suppose  (o/va  »  1  and  cu  »  0”^,  as  will  be  true  according  to  (13) 
If  ujS^/U  »  !•  Then  the  point  spectrum  is  given  by 

7C’  00 

Po(a))  =  Jd^^P^C^fCv)  ^  ^(2n)  ^<p^>(l/av0+l)avcu  ^ 


(14) 


(15) 
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in  agreement  with  Ref.  2  ,  £q,  (29) ,  in  this  approximation.  The 
first  term  derives  from  the  region  a  and  the  second  from 
—  u)/v.  According  to  (13) ,  the  second  is  larger  by  a  factor 
^48. 

The  average-pressure  spectrum  on  a  large  area,  i.e. ,  where 
(J^Rq/v  »  TT,  derived  from  (14)  is  found  to  be  given  approximately  by 

Q^(cD)«4(27r)  “  V>0"  [s+(3/4)av0(a!R^/v)'3j,  (1( 


where 


2(aR^) 


if  R^  «  a 


if  R^  »  a 


and  it  is  again  assumed  that  ca/av  »  1  and  u>  »  0  .  The  second 

term  in  (16)  derives  from  kj^  —  cd/v,  and  the  first  from  kj^  ^  a  if 
R^  «  a“^  and  from  kj^  ^  *^o  values  (13) , 

in  the  case  R^  «  o*^  the  second  term  in  (16)  is  smaller  than  the 
first  roughly  if  u)R^/v  >  3,  which  is  true  by  assumption;  in  the 
case  R^  »  a'^  the  second  term  is  su^aller  If  (otv/oo) ^(v0/R^);^  3,  i.e., 
according  to  (13),  if  ^0.03.  The  second  term, 

it  is  noted,  represents  a  high-k  component  that  varies,  as  usual, 

_3 

as  R^  ,  and  the  first  term  a  low-k  component  that  in  the  case 

R  »  a“^  (corresponding  to  a  nearly  flat  wavenumber  spectrum 

®  -1  -2 
where  k  ^  ttR^  )  ,  varies  as  R^  . 

We  note  further  the  results  obtained  when  a  »  (a)+0  ^)/v, 
which  is  in^liedt in  particular,  if  one  approximates  by  assuming  a 
vanishing  correlation  scale  at  the  outset,  so  that  (12)  becomes 


L 


W^j(C,t)  oc6(q-VT)6(r,2)exp(-e‘^  |t|  ) 

(e.g.,  see  Ref.  2  ).  The  point  spectrum  in  this  regime  is  flat, 
namely 

P^(co)  =  2(2F)‘V>(av)'^ 
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a  large  area,  we  find 


(cf.  (15)).  For  (uR^/v  »  TT,  i.e. , 

Q^(<0)  «  8(2ir)'W>e'V^(aR^)"^(l+2ir'W8o).  (20) 

The  contribution  of  the  first  term  is  the  same  as  in  the  case  of 
(16)  (i.e.,  for  (d/ov  »  1)  when,  in  reference  to  (17),  aR^  »  1. 

That  of  the  second  term,  however,  which  derives  from  ^  cd/v  and 

-3  ^ 

varies  as  ,  differs  drastically  from  that  of  the  second  term 

in  (16) .  This  reflects  the  fact  that  (18)  may  be  regarded  as  a 

valid  approximation  to  (12)  only  so  far  as  low  wave  numbers  (k  ^  a) 

are  concerned. 

For  coaf)arlson  with  the  results  based  on  (12) ,  ^e  now 
consider  a  time  correlation,  in  place  of  exp(-0"^ jrj),  who  a  fre¬ 
quency  transform  declines  more  rapidly  with  co,  namely 

g(T)  =  (l+«'l!r|)exp(-e'^  1t|).  (21) 

This  form  satisfies  g(0)=l,  as  required,  and,  unlike  the  earlier 
form,  has  a  continuous  derivative  at  t=0:  g’(0)=0.  In  place  of 
(14)  we  find 


Pj,(R,m)  =  8(2r)‘^<pS 


a 


e 


i.H'i  7Z  , 

(k  +a  )  l(u)-vkj^)  +0  1 

If  (u/va  »  1  and  cj  »  0'^,  the  point  spectrum  is  found  to  be 
given  approximately  by 


(22) 


P^((i))  ^  4(27r)  ”^<p^>av(jo”^[2(av0)  ”^(0u))  ”^+1] . 


(23) 


The  contribution  from  high  wave  numbers  w/v ,  second  term)  is 

the  same  as  in  (15) ;  now,  however,  except  at  very  low  frequency  it 
dwarfs  the  contribution  from  low  wave  numbers  (first  term).  For 
a  large  area  (wR^/v  »  rr)  we  find 

Q^(a))  ^  8(2Tr)'W>0"V^[S  +  (3/8)av0(a)R^/v)'^(v0/R^)2],  (24) 

where  S  is  again  defined  by  (17).  In  this  instance,  unlike  that 

of  (16)  j,  the  contribution  from  high  wave  numbers  (second  term)  , 

.3 

which  varies  as  R^  and  is  the  same  as  in  (16) ,  exceeds  that  from 
low  wave  numbers  (first  term)  typically  up  to  rather  high  frequency. 
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The  form  (12)  corresponds  better  to  the  gross  observed 
time  decay  than  the  form  based  on  (21) ,  and  the  magnitudes  and 
frequency  dependence  of  the  resulting  Pq(cd)  and  Qq(u>)  accord 
generally  better  with  observed  spectra.  Still,  there  Is  no  ap¬ 
parent  reason  to  consider  that  It  has  any  detailed  or  unique  valid¬ 
ity. 

We  note  now  the  area  scale,  or  correlation  area,  cor¬ 
responding  to  (12)  and  to  the  modification  using  (21).  The  corre¬ 
lation  area  Is  properly  defined.  In  the  elementary  statistical 
^  2 

sense,  by  writing  the  force  spectrum  A  QQ(ti>)  on  an  area  A,  In  the 
limit  of  large  A,  In  terms  of  the  point -pres  sure  spectrum  PQ(tJii)  as 

a\(co)  =  AA^P^(id). 

Since  In  this  limit  we  have 

Q^(a))  *  (2ir)V\(0,«)), 

we  may  write  A^  also  as 

.  (2ir)2lP^(0,(0)/P„(a))].  (25) 

Corresponding  to  (12) ,  we  then  find  In  the  approximation  of  (15) 

A  =  !  (l+av0)  . 

With  acceptance  of  (13) ,  this  becomes 

A^  ot  27r(0.0051)6J  (26) 

Corresponding  to  (21)  [i.e. ,  (22)],  on  the  other  hand,  in  the  ap¬ 
proximation  of  (23)  we  find 

A  ^  27ra”^/[l+(l/2)av0(©u))^] . 

With  acceptance  of  (13)  this  becomes  (except  at  very  low  frequency, 
where  a)6^/U^  ^  10  ^) 

A^  ^  2t(1.2)  (10'^)  (27) 


A5-7. 


The  magnitude  of  (27)  is  too  small  to  accord  v^ith  measured  values 
of  Q^(a))  ;  it  does,  however,  depend  on  frequency  and  the  flow  param¬ 
eters  in  a  manner  more  consistent  with  observation  (see  Ref.  3) 
than  the  result  (26) . 

The  correlation  field  prescribed  by  (12) ,  or  (14) ,  may 
be  formally  expressed  as  a  superposition  of  contributions  from  a 
range  of  convection  velocities  u  without  decay.  A  fixed  convection 
velocity  is  reflected  in  a  factor  6(a)-ukp  in  the  wave  number- fre¬ 
quency  spectrum;  for  example,  if  in  (12)  ,  corresponding  to 

pure  convection  (at  velocity  v)  without  decay,  P^('k,OD)  of  (14)  con¬ 
tains  a  factor  with  limiting  form  given  by 

0-1  -1 

- 7— — tr  Tr6(u)-vk,).  (0  ■‘■-K))  (28) 

(cD-vkp‘^+0-'^  ^ 

In  general,  we  write  this  factor  in  (14)  as 

0'1 

((ja-vkp^+0 


=  TT 


j  du  f  (ai,k2^,u)6  (co-ukj^) 


(29) 


whence 


f(ai,k^,cu/kp 


tt"!©  1/kj^ 

(co/k^-v)^  +  (0'^/kp^  ’ 


This  relation  does  not  determine  the  weighting  function  f((jD,kj^,u) 
uniquely.  If,  however,  we  prescribe  that  f  depend  only  on  the 
velocity  difference  u-v,  we  obtain 


f(a),kj^,u)  = 


Tr-10-l/kj^ 

(u-v)^  +  (e‘Vk^)^  ■ 


(30) 


The  weight  f,  we  note,  has  a  nonvanishing  value  for  ail 
convection  velocities  -«>  <  u  <  «>.  The  present  formal  superposition 
(29) ,  however,  though  suggestive,  is  contrived  and  presumably  not 
significant,  since  the  point  of  the  form  (12)  or  (14)  with  0 
is  to  embody  a  deviation  from  pure  convection  in  the  correlation 
function.  That  is,  the  superposition  (29)  does  not  imply  that  a 
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correlation  function  of  the  character  of  (12)  Is  applicable  only  If 
some  portion  of  fluid  Is  actually  convected  at  estch  velocity  u. 

If  one  actually  had  pure  convection,  but  with  a  superposition  over 
all  convection  velocities  0  <  u(x2)  <  that  are  equal  to  the  mean 
velocity  at  some  depth  X2  In  the  boundary  le^er,  the  corresponding 
factor  6  (a)-u(x2)k|^)  contained  by  P^(lt,cD),  after  integration  over  X2, 
would  inply  PQ(K,a))=0  for  <  to/U^*  In  contrast  to  (14) . 
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Flow-induced  noise  generated  by  pressure  fluctuations  in  a 
turbulent  boundary  layer  is  studied  here  theoretically  with  regard 
to  its  acoustic  transmission  through  a.  dome  to  a  transducer  elemcn : 
or  array.  Particular  attention  is  given  to  a  unilayer  dome  in  the 
form  of  a  finite  slab,  described  as  a  fluid  but  serving  as  a  proto¬ 
type  for  a  realizable  solid  slab.  A  similar  dome  with  a  thin 
outer  cover  having  nonvanishing  impedance  is  also  considered. 
Likewise,  attention  is  given  to  acoustic  modification  of  the  flow 
noise  on  a  flush  element  due  to  mobility  of  the  surrounding  baffle . 

To  demonstrate  clearly  what  properties  of  the  boundarylayer 
pressure  fluctuations  are  essential,  high-  and  low>wavenumber 
ranges  are  distinguished  in  the  wavenumber  spectrum  of  pressure 
at  given  frequency,  the  former  range  corresponding  to  possible 
generation  by  a  convected  eddy  field.  By  various  approximations 
and  simplification  of  boundary  conditions,  the  contribiitions  of 
these  respective  ranges  to  the  frequency  spectrum  of  average 
pressure  on  a  dome-shielded  element  are  related  to  their  respectiv  i 
contributions  in  the  reference  case  of  an  element  flush-mounted  in 
a  rigid  plate.  The  high-wavenumber  component  in  the  flush  case 

-3 

varies  with  element  radius  as  ,  whereas  the  low-wavenumber 
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conqponent  may  vary  more  as  .  If  the  latter  coiq>onent  predominates 

the  spectnim  at  given  frequency  for  a  large  flush  element,  it  pre¬ 
dominates  still  more  for  a  shielded  element.  The  high-wavenumber 
component  for  a  shielded  element  contains  a  part  that  is  indepen¬ 
dent  of  lateral  dome  size  (face  area)  when  this  is  large,  but  this 
part  is  highly  attenuated  by  the  dome  if  L  »  where  L  is 

dome  thi.ckness,  cu  angular  frequency,  and  Ug,  asymptotic  flow  velo¬ 
city.  The  other  part  of  this  hlgh-waventimber  cc^^iponent  is  reduced 
somewhat  as  though  the  pressure  wtre  averaged  over  the  face  area 
of  the  dome  section.  (M  assumption  that  the  wavenumber  spectrum 
changes  little  in  the  pertinent  interval  (in  accord  with  area 
-2 

dependence  as  R  for  a  flush  element) ,  the  low-wavenumber  component 
is  reduced  rather  as  though  averaged  over  an  area  of  radius  given 
roughly  by  the  smaller  of  one- third  the  so\md  wave  length  or  three 
times  the  dome  thickness  whenever  this  area  is  larger  than  the 
actual  area  of  the  element.  With  reference  to  the  noise-to-signal 
ratio  for  an  array  of  elements,  though  a  thin  unilayer  dome  can 
thus  be  very  effective  against  the  high-wavenumber  component  of 
flow  noise,  it  can  reduce  the  low-wavenumber  component  by  no  more 
than  the  array  factor,  or  by  not  as  much  if  L  <  d/5,  where  D  is 
the  element  spacing. 

In  the  case  of  a  dome  with  cover  having  impedance,  the 
effect  of  flexural  resonances  of  the  dome-fluid  system  is  studied. 
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